Applications of Distributed Arithmetic to
Digital Signal Processing:

A Tutorial Review

Ref: Stanley A. White, “Applications of Distributed Arithmetic to Digital Signal
Processing: A Tutorial Review,” IEEE ASSP Magazine, July, 1989
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Distributed Arithmetic
(DA, 1974)

« The most-often encountered form of
computation in DSP:

— Sum of product
— Inner-product

— Executed most efficiently by DA
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Derivation of DA Technique

K
* Sum of product: Y= Z AXy (1)
k=1

— where x, is a 2’s-complement binary number scaled such

that | x, |<1, and A, is fixed coefficients

* X {ka/ bk]/ ka ...... , bk(N-])}l Wordlengfh:N

— where by, is the sign bit

N-1
— Express each x; as: X = Do + Zbknz_n (2)
n=1
b (2) into (1) => K N-1
- 9 N
y:ZA<|:_ka+Zbkn2 } (3)
k=1 n=1
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Derivation of DA Technique

-continued I
Critical step

Ak|:_bk0 +Zbkn2n:|:ZAkZbkn2n +ZAK(_ka)

k=1 n=1

y

I
M=

=~
H

=z
[REN

{ 4 Akbkn:|2n +ZAk(_ka) (4)

H

n=

« where K is the number of inputs (or taps) and N is the
wordlength of Data
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Derivation of DA Technique

-continued IT

* Now consider the equation (4)

{zAkbkn}z "+ 3 A b

N-1

y

n=1

M=

1

- |

— > A(-b,) has only 2K possible values

A<bkn:| has only 2K possible values

N o=

e can store it in a lookup-table(ROM): size=2x2K

VSP Lecture 11 Distributed Arithmetic 11-5
(cwliu@twins.ee.nctu.edu.tw)




Technical Overview of DA

« Advantage of DA: Efficiency of computing
mechanization

A frequently argued:

— Slowness because of its inherent bit-serial
nature (not true)

« Some modifications to increase the speed by
employing techniques:

— Plus more arithmetic operations
zxpense of exponentially increased memory
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Derivation of DA Technique
-continued ITI

« Example
— Let number of inputs K=4
— The fixed coefficients are A;=0.72, A,= -0.3,
A;=095, A,=0.11

N-1

y = Z'Akbkn 27" + Z'Ak(_bko)

n=1|_

— We need 2x2X = 32-word ROM (K=4)

VSP Lecture 11 Distributed Arithmetic 11-7
(cwliu@twins.ee.nctu.edu.tw)



N
Example

—
W

0

By = 0N

ﬁa = I}.QS

Aq+Ay = 1.06

Ag = —0.30

Ba+ By = -0.19
Ao+ Az = DBS
Az+ A=Ay = 0.75
Aq = 072

Aq+Ag = 0.83

By o+ by = 167
Aq+Ag 4+ = 1.78
A+ An = a2
At Ao=Ay = 0353
Aug+ Agehg = 137
Ag+ApsAg+ Ay - 1.48

1=n=MN-1

4

O Akbkn = Aibln + A2b2n + A3b3n + A4b4n
=1

k

o T e e e i e o o e e e o o o e
e e e = =N =R =R =
e s = e e O AP A T i o
S =Rl =R = T = = SRR - = ]
S e e R et = Bl = Rl = R g ]

o
Ay = -0MN
—-Ag = -0,
(A + gl = —1,08
—E: + 030
Ao+ Ayl = +0.19
={hg+hg) = — 065
—{Ag+:§+.ﬂ.4b = =075
-#y = =072
—[Aq+ Ayl = ~0.B3
— 8y +hs) = —1.67
~(A s Ag Ay = —1.TB
(Aqw Ay = =042
— (A nﬁ.EL.ﬁ,ﬂ = —0.53
~{fq + Ag+ Ag) = —1.37
~(Aq+An+Ag+Ag) = - 148

OZ Ak (_bko) —
Ai(_bl,o) + Az (_bz,o) + As,(_bs,o) + A4 (_b4,o) )

o ol e ok ek el s sl e ol d e e ek —h
g g = R e Y = Y =l T =Y =]
. = = ==l R AR e e o
P = Y = = I = =R o
[ s PN R, T R o PR e R =
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A

Xy Xp X3 Xg4

[ ]
Example -conti[T. .=
Te bin bzn ban bap Memory Contents
0 0 0 O 0 0
. 6 0 0 0 1 | Ag=011
« Hardware architecture o 0 o0 1 0| A3-0ss
-l o 0o o 1 1 Aq+Ay = 1.06
|l o o 1 o 0 | Ay=-030
1 £l 0 0 1 0 1 Ba+ By = -0.19
‘1—!'—"1 :1 = D-Em l o o 1 1 0 | AgrAz =085
—r = = vi| O 0 1 1 1 As+ g+ Ay = 075
X2 ) 32 Ag = 0.95 -l o 1 o 0o 0 | Aj=072
—p Word = a1 o 0 1 Aq+Ag = 0.B3
"3 ROM Ag = 011 0 1 0 1 o Aq+ By = 167
1 able 1 o 1 0 1 1 | Aj+A3+Ag- 178
Xg o (Tabde 1) o 1 1 o0 Aq+ A = 042
1 ¢ 1 1 0 A A+ Az Ag = 053
Ts—r—> ¢ 1 1 1 B Ag+hg+hg = 137
0 1 1 1 1 Ag+ApsAg+ Ay - 1.48
+ | Parallel Qutput
1 0 0 0 a o
1 o a 0 1 —Ag = -0M
+ 1 ¥ 0 1 0 | -Az=-04
1 0 ] 1 1 (hg+ g = -1.06
10 1 0 0 |-Ay= +030
1 0 1 o 1 Ao+ Ayl = +0.19
swa & (1 sl 1 8 1 1 0 |-(Az+As) - -085
L 1 0 1 1 1 —(Az+ A+ Agh = 075
Ao 5-1 sl 1 1 o 0 0 |-Aj=-072
1 1 0 0 1 |-(Aj+hg = -0B3
@ 11 0 1 0 |-iAy+Ag = -167
1 1 ¥ 1 1 ~iAq+ Mg+ Ag) = ~1.TB
I 1 D 0 {Aq+ An) = =042
¥ 1 1 1 a 1 —I:.‘!l.-|1.ﬁ.2-l.lﬁ|4:l— —0.53
1 1 1 1 0 ~(Bq+ Ao+ Asg) = —1.37
1 1 1 1 1 ={Aq+ Ao+ Ag+Agl = —1.48

N-1| K K
y= Z ZA(bkn 27"+ Z'Ak(_bko) )
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Example -continued IT

e Shorten the table

4

|:Z Akbkn:| = Aibln + A2b2n + A’3b3n + A4b4n
k=1
4

Z_: Ak (_bko) = _{Z Ak (bko)}

- Eq. (4)

N-1[ K K
S V-2 AR TAG) (5)
P =2 ) J n=1[ k=1 k=1
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\

Table 1
Input Code 32-Word
® Ts by bzn ban bap Memory Contents
xa"‘p e -Con Inue o 5 0 o ¢ 1
o 0o o o 1 Ag = 0.11
o 0 0 1 0 | Az-085
e o o 1 1 Az+hy = 1.06
o o 1 0o o0 | Ap=-030
Zl 0 4] 1 1] 1 As+hAg = -019
Mo o 1 1 o0 Ag+Az = 0.65
Woooo 11 Az+Az+Ag = 0.75
“l e 1 0o © 0 Ay = 0.72 \
c 1 0 0 1 Af+Ag = 0.83
o 1 0 1 o0 Aq+Ag ~ 167
0o 1 0o 1 1 Aj+Az+hg =178
0 1 1 0 0 Ay +Az = 0.42
o 1 1 0 1 Ay+Ag+Ag = 053
o 1 1 1 0 Aj+Az+Az = 137
0 1 1 1 1 Ap+Az+Az+Ay = 148
1 10 0 0 O 0
—e 1 10 0 0 1 |-Ag=-011
1 Aj = 012 | —r—P 10 0 1 o |-as- -oss
X3 — A = 030 ! 16-Word T R O I o g T et
0 1 —Ag = +0,
2 1 Wazd Az = 0.95 B el liped AOM HEE T T Ca Ay - <018
o ﬁ = 0.11 ol 1 0 1 1 0 —{A2+Ag) = 085
K G gl =W 1 Top Half of o1 0 1 1 1 | —(As+Az+Ag - 078
8 1 ROM 4 B e e [ Tg_me 1) el 1 1 o o o —mzn_a)o_?z‘ s
11 0 0 1 |-{Aj+Ag = -0
R N {Table 1) 1 11 0 1 0 [-(Aj+Ag = -167
Y ——ai—Pp 11 0 1 1 |-(Aj+A3+Ag = 178
T 1 I 4 1 1 1 0 0 -lA:+Ag} 1—0.42053
1 1 i Q 1 ~(Aq+ Ao+ = -0
% T 1 1 1 1 1 0 —:A1+AS+A3}J= -1.37
g + Parallel Output 11 11 1 | -(A{+A2+Az+Ag = -1.48
+ | Parallel Qutput Sian Control
ign Contro
0 = Add
+ 1 = Jubtract

swa & (@)
ho—p| o-1 1@

1@

Only 16 words of ROM are
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Offset-Binary Coding (OBC

* Change Input data from “binary” to “signed-digit”

1
2

N-1
-nN
n=1

_ N-1_
— =X = —bro + Zbkn 2"+ 2_(N_1)
n=1

n=1
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X =X = (X)) =100, Big e bk(n—l)} (6)

2‘s-complement

(= Lx, = ;{_ (bko _Bk0)+ %(bkn _Bk”)z_n - Z(Nl)} (7)
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Offset-Binary Coding (OBC
(cont’d)

—> X = ;{— (bko —Bko)+ %(bkn — bin )Z_n - Z(Nl)}

n=1

t&n "Eikn 1'1 75()
O = - where 1,1
Can { —(h(n—bkn),nzo G E{ }

= o K
|::> Xk = 2|:chn 2—n _2(N1):| I—L‘ A y = kZ];Aka
n=0 —

K N-1 N-1
= y= %Z A{Z Cn2 " — 2(“)} =>Q(b,)2™" +27"Q(0)
k=1 n=0 n=0
o | K Ak K Ak
- 9‘ Where Q(bn)zz7ckn and Q (O) — —Z T
( k=1 k=1
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Offset-Binary Coding (OBC)
(cont’d)

: le 2
« Hardware architecture Tab
Input Code 8-Word
bin bpn  ban  bap Memory Contents, Q
by b2y b3y by 0 0 0 0 |-12(A1+Apx+Ag+Ag = -074 |

1 0 0 0 t | —1/2(A1+Ap+A3-Ag = —0.63
X —at— h
" | / 0 0 1 0 | -12(A1+Aa—A3+Ag = 0.21
Xp—+— >
2 LA 8- Word ) = —0.74 0o 0 1 1 | —t2(Aj+As—-Az-Ag = 032
X3 ‘}', M ROM. o e 0o 1 0 0 | -t12(A1-Ag+Az+Ag = -1.04

1 [ : E ‘Eble 2) Condition 0 1 ] 1 -1/2 {A1 - A2+A3-*A4} = =093
X4 L_)" Register 0o 1 1 0 | -12(A1-As-Az+Ag = —0.09

1 [ 3 - —Ag-As-Ag = O.
Tg=—t ] Parallel Output L ® \ | o 1 1 1 W2(A1-Az-Ag-Ag = 002

SWB

12 (A)—As—Az—Ag = —0.02
1/2{A{-As-Az+ Ay = 009
1/2 (Aq—Aa+Az—Ag) = 083
1/2{(A1—Az+ A3+ Ay = 1.04
12 {A1+As-Ag—Ay) = -032
12 (A1 +As—Ag+ Ay = —0.21
1/2 (A{+Aso+Az—Ag) = 0.63
12 (Aq+ Ao+ Aq+Ag) = 0.74

B N Sy
B ST S o B s B s I o |
= |- O O = 24 0 O
-0 = 0O = O = O
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Speed up of DA multiplication

* Way I: Plus more arithmetic operations

» Initial condition

Even part Odd part
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Speedup of DA multiplication

« Way I: at the expense of linearly increased
memory & arithmetic operation

e %Odd part (sign} |

o R Even part j
: ;r" J . | ? P:'D—. 8-Word .__}D_" 8-Word

—_——_ —— =

1
2’, : "ch : ['flb?%c;b?‘u.l;) : j. D_. D('T:g) i:‘alf
o 8 Tabie
o e L D— D ? Initial

Most Significant /

Members of Bit Pairs

Ty L

Condition

2-Memory, 2 BAAT version of Figure 1C. .
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2*7 words —>1*128 words

= o

q
PiE:r“" IGy, an+ 12 Gy, zn 4l

4
';E::“ Ay liby, 9~ Dy, o)+ 12 0y, 204 1~ D, 204 41l
= i H S S ——

Speed up of DA Multiplication

« Way II: at the expense of exponentially increase
memory

ROM :

By an+1 Bran Pam+tr Baan  Baansn

By, an

L
M
L
M
L

M
L

M

0
0

Pic

-| 037

* |
AlS R + ¢
BWB
@
B 114 —J

v PN ) -
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Conclusions

« DA is avery efficient mechanism for computations that are
dominated by inner products (convolution)

« A good way to trade combinational logic with memory for
high-performance computation.

e When a many computing methods are compared, DA should be
considered. It is not always (but often) best, and never
poorly: save gate count around 50% to 80%.

« Application: “VLSI implementation of a 16*16 discrete
cosine transform,” by M.-T. Sun, T.-C. Chen, A. M. Gottlieb,
TEEE Transactions on Circuits and Systems, Volume: 36 Issue:
4 , April 1989, Page(s): 610 —617, and many other transforms

D SP kernels.
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