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Subexpression Elimination
• Sub-expression elimination is a numerical transformation of 

the constant multiplications that can lead to efficient 
hardware in terms of area, power, and speed.

• Sub-expression can only be performed on constant 
multiplications that operate on a common variable.

• It is essentially the process of examining the shift-and-add 
implementations of the constant multiplications and finding 
redundant operations.

• Once the redundancies are found, these operations can be 
performed once and shared among the constant 
multiplications.
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Example
• a × x and b × x, where a=001101 and b=011011 can 

be performed as follows:
– a × x = 000100 × x + 001001 ×x
– b × x = 010010 × x + 001001 ×x

= (001001 × x) <<1 + 001001 ×x
– The term 001001 ×x is redundant and can be computed 

only once.
– The multiplications were implemented using 3 shifts and 

3 adds as opposed to 5 shifts and 5 adds.
– Also note that b × x = (2a+1) × x =2(a × x) + x. 

Alternately, by computing a × x first, it also requires 3 
shifts and 3 adds.

• Matching terms are redundant !!
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Multiple Constant 
Multiplication (MCM)

• To apply the subexpression elimination to a set 
of constant multipliers that multiply a common 
variable.

• The goal is to find the minimum number of shifts 
and adds, i.e. to find the best match !!

• Iterative matching algorithm
1. Express each constant in the set using a binary form
2. Determine the number of nonzero bit-wise matches

between all of the constant in the set
3. Choose the best match
4. Eliminate the redundancy from the best match. Return 

the remainder and the redundancy to the set of 
coefficients

5. Repeat step 2-4 until no improvement is achieved.
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MCM Example
• a=237, b=182, c=93. 
• Step 1

• Step 2, determine the matches among them
– a v.s. b: 3 matches
– a v.s. c: 4 matches
– b v.s. c: 2 matches
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MCM Example
• Step 3, the match between a and c is selected.
• Step 4,

• Repeat the process
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Example MCM

• The implementations are as follows: 
a = [01001101 + 10100000]
b = [00010110 + 10100000]
c = [00010000 + 10100000] 

Redundant terms 
(computed only once)

9 shifts and 9 adds !!
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Linear Transformations
• One can apply the iterative matching algorithm to 

linear transformations.
• General form: ym×1 = Tm×n xn×1

• 3 steps
– To minimize the number of shifts and adds required to 

compute the product tijxj by using the iterative matching 
algorithm

– Formation of unique products using the sub-expression 
found in the 1st step.

– Final step involves the sharing of adds, which is common 
among the yi’s. (This step is very similar to MCM problem)
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Example
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7 8 2 13
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Polynomial Evaluation
• One can apply the subexpression elimination to 

polynomial  evaluation
• Suppose we are to evaluate the polynomial

x13 + x7 + x4 + x2 + x
• By directly computation, it requires 22

multiplications
• Subexpression elimination

– Examining the exponents, 1, 2, 4, 7, and 13, and 
considering their binary representations

– Applying sub-expression sharing to the exponents, then
x8(x4x) + x2(x4x) +x4 +x2 +x

– The terms x2, x4 and x8 each requires one multiplication:
x2= x × x, x4= x2 × x2, x8= x4 × x4

– Totally, it requires 6 multiplications
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Multiple Polynomials
1. To reduce the number of multiplications 

required to generate the various powers of x
2. To reduce the number of shifts and adds 

required to implement the multiplications of the 
power terms by the constant coefficients

• Example:
w(x)=11x5+3x4+6x3+5x, 

y(x)=13x5+7x4+11x3,
w(x)=7x5+15x4+5x2+7x

1. exponent:  1, 2, 3, 4, 5
2. coefficient: (11,13,7), (3, 7, 15), (6,11), (5,7) 
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Subexpression Sharing

CSD, 2’s-complements 
fixed point rep. 
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Subexpression Sharing in Filters
• Data broadcast filter architecture:

– Several constants need to be multiplied to a common 
variables:
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Steps
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Example: 3-Tap FIR Filter

c0
c1
c2

msb lsb

7 adds. !!

CSD Coeff.
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Example: 4-Tap FIR Filter

The number of 
occurrences
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x2

1
-1
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• Continue by finding more subexpressions until done.

x3 = x2 + x1 >> 2
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•

msb lsb

0      1      2      3     4     5      6     7     8     9     10    11

0
-1
-2
-3
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x2 = x1 – x1[-1] >> (-1) x2 = x1 >> 1 – x1[-1]

1
-1
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x2
x3

D

-
2-3
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Remarks
• Digital filters can be implemented with less hardware using 

CSD coefficients. 
• In CSD, 2 most common subexpressions are x-x>>2 and 

x+x>>2, corresponding to sequences 101 and 101, 
respectively.

• Fact: all CSD coefficients can be built using 3 fundamental 
subexpressions: 101, 101, and 1.

• Example
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Using 2 Most Common Subexpression
in CSD Representations

11000101100.01 =c 00001100110.00 =c11001100101.02 =c
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Remark

• An alternative layout is shown above.
• In this case, best results will be achieved if three data paths are 

to some extent balanced.
• Balance the number of adds (or adders) in each stages are 

(statistically) minimum this achieves the maximum clock rate of 
the circuit

• Note:
– The number of terms in the x-data-path is on the average twice as 

many as in the (x+x>>2) and (x-x>>2) paths
– This inequality can be redressed by swapping x terms for (x+x>>2) and 

(x-x>>2) terms.
– Example: 101000010110001      ,11011001 +→→

-

x

x

xx>>2
x>>2


