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Introduction

» In this chapter, we represent a signal as a weighted
superposition of complex sinusoids.

AKA Fourier analysis

The weight associated with a sinusoid of a given frequency
represents the contribution of that sinusoid to the overall

signal.
Four distinct Fourier representations:
Time property Periodic Nonperiodic
Continuous Fourier Series | Fourier Transform
(t) (FS) (FT)
) Discrete-Time Discrete-Time
Discrete . . )
Fourier Series Fourier Transform
[n] (DTFS) (DTFT)

p 4 Lec 3 - cwliu@twins.ee.nctu.edu.tw
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Frequency Response of LTI System

» The response of the LTI system to a sinusoidal input el®t: H{x(t)=el®}= elt
HO®)  x(t)=e™ y(t) = x(t) *h(t)
LTI System h(t 0 .
)4 ( ) _ J'_ h(z_)eja)(t—r)dz_

H(jo)=[ h(r)edr — e[ h(r)e!de
Dependent on o, =e/H (jw)
but independent on t |:constant

» For discrete-time case, the response of the LTI system to a sinusoidal input

eiis H{x[n]=el?"}= &7 H(el") yIn] = x[n]*h[n]
H (ejQ) = Zh[k]e_jgk _ ih[k]@jg(n_k)
k=—0 =
Dependent on €, o & o
but independent on n — el Zh[k_e jok

k=—00

Y 5 T =e"H (e}
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Frequency Response of LTI System

» Frequency response of a continuous-time LT| system

x(@®orxn] | LTI System y(t) or y[n]

H(jo)=| h(z)edr

H(e™®) = Y h[k]e ™

» Frequency response of the LTI system can also be represented by

H (ja)) — ||_| (jw)|ejarg{H(jw)}

Magnitude response |H(jw)
Phase response arg{H (jo)}



C /= y®

Example 3.1 RC Circuit System ™ ©

The impulse response of the RC circuit system is derived in Example |.21] as

1l ke Find an expression for the frequency response, and plot the
h(t) = Ee u(t) magnitude and phase response.

<Sol.> Frequency response:

: 1 (o — U e _(ijler IHl(jw)I
H(Ja))=@j_ooe RCU(T)B J dr—ﬁ ) € dr \/Li

-l i

1 A __Re ;
RC (ja)+ij ja)+1 — !“\1_ .

RC : RC w | ke
Magnitude response: Phase response: Lov(:)-pass filter
L arg{H (jo)} = —arctan(«RC)
H(jo) = —=2
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Another Meaning for Frequency Response

» The eigenfunction of the LTI system y/(t):

X(t) = (1) y(t) = ()4,
LTI System h(t)

eigenvalue
——————————————————————————— Independent of t
x[n] =wIn] y[nl=wlIn]-4,
» The eigen-representation of the LTI system
e 1 H(jo)el | eior H (e )e ™
H | H
|

» By representing arbitrary signals as weighted superposition of eigenfunction
el“t then

M
_ ja)kt M ) .
X(t)—kz_;aTke (0 = H{X(} = YaH(jo)e™
B k=1
the weights describe the signal as \
----------------- a function of frequency. ------------- Multiplication in frequency domain,

(frequency-domain representation) c.f. convolution in time-domain
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Fourier Analysis

» Non-periodic signals have (continuous) Fourier transform
representations, while periodic signals have (discrete) Fourier
series representations.

» Why Fourier series representations for Periodic signals

Periodic signal can be considered as a weighted superposition of
(periodic) complex sinusoids (using periodic signals to construct a
periodic signal)

Recall that the periodic signal has a (fundamental) period, this implies
that the period (or frequency) of each component sinusoid must be
an integer multiple of the signal’s fundamental period (or frequency)
=» in frequency-domain analysis, the weighted complex sinusoids
look like a discrete series of weighted frequency impulse =» Fourier
series representation

Question: Can any a periodic signal be represented or constructed by a
weighted superposition of complex sinusoids?

p 9 Lec 3 - cwliu@twins.ee.nctu.edu.tw
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Approximated Periodic Signals

» Suppose the signal XInl=> Alkle"™" is approximated to a
discrete-time periodic signal x[n] with fundamental period N,
where Q, = 21/N.

) Since ej(k+N)Q0n _ ejNQoneijOn _ ejZmeijOn _ eijon ’ there are only N
. . . . ik
distinct sinusoids of the form e"*":e.g. k=0, 1, ..., N-1

N-1
» Accordingly, we may rewrite the signal as g[n] =" AlkJe’*"
k=0

R . < _ ikant
» For continuous-time case, we then have X() = > Alkle** , where

@, = 2n/T is the fundamental frequency of perikodic signal x(t)

» Although e"* is periodic, e**" is distinct for distinct ke,

» Hence, an infinite number of distinct terms, i.e. |x(t) = > AlkJe*"
k=—o0

p 10 Lec 3 - cwliu@twins.ee.nctu.edu.tw
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Approximation Error

» Mean-square error (MSE) performance:

N-1

1
MSE _ﬁz

n=0

2
dt

x[n] - >A<[n]‘2 dt MSE = % jOT \x(t) —X(t)

We seek the weights or coefficients A[k] such that the MSE is
minimum

The DTFS and FS coefficients (Fourier analysis) achieve the
minimum MSE (MMSE) performance.

b Il Lec 3 - cwliu@twins.ee.nctu.edu.tw



pipr. OF ELECTROMICS 924

ENGINEERING &
st of ELECTROMCS ™

Fourier Analysis

» Why Fourier transform representations for Non-periodic
signals

Using periodic sinusoids (the same approach) to construct a non-
periodic signal, there are no restrictions on the period (or frequency)

of the component sinusoids =2 there are generally having a

continuum of frequencies in frequency-domain analysis=>» Fourier

transform representation

Fourier transform:

Continuous-time case

R 1o o, 00 : - _
X(t)=—| X(e!”)e!d S0tY ket
(t) L. (e)edw - i x(t)_k:Z_OOA[k]e“"O
Discrete-time case :
=L [ xEememdol b gy S Ager
27 - DTFT I s

Frequencies separated by an integer
multiple of 2w are identical

FS
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<
<

» Discrete-time Periodic Signals

» Continuous-time Periodic Signals

» Discrete-time Nonperiodic Signals Fourier Transform
» Continuous-time Nonperiodic Signals

» Properties of Fourier representations

» Linearity and Symmetry Properties

» Convolution Property
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Discrete-Time Fourier Series (DTFEFS)

» The DTFS-pair of a periodic signal x[n] with fundamental period N and
fundamental frequency QQ,=2n/N is

x[n] = Nzl X [k]e "

N —

1 — jkQqyn
— ) X[nle ¥
L2 0]

[N

X [k] =

The DTFS coefficients X[k] are called the frequency-domain representation for
x[n]
The value k determines the frequency of the sinusoid associated with X[k]

The DTFS is exact. (Any periodic discrete-time signal can be described in terms
of DTFS coefficients exactly)

The DTFS is the only one of Fourier analysis that can be evaluated and
manipulated in computer for a finite set of N numbers.

Lec 3 - cwliu@twins.ee.nctu.edu.tw



Example 3.2 DTFS Coetficients

Find the frequency domain representation of the signal depicted in Fig. 3.5.

x[n]
]#
] ]
TI_4¢¢T oo DN S
6 | 2 -uzjrol 2 4 |
<Sol.>

|. Period: N =5 ™= €, =27/5
2.0Odd symmetry W We choosen=—2ton =2

3. Fourier coefficient:
2

X[K]=Z Y x[nJe Hes

n=-2

_ %{X[— 2]ejk47z/5 n x[—l]e k2z/5 | X[O]ejo 4 X[l]e—ijﬂ/S n X[z]e—jk47z/5}

1. 1 1
X[kl== 1_|__elk2”/5_ e—Jk27r/5
KIS g 2 }

|5 = l{1+ J sin(k 21/ 5)} - cwliu@twins.ee.nctu.edu.tw
3)



Example 3.2 (conti.)

If we calculate X[k] usingn =0ton = 4:
X[k]= L X[0Je " + x[t]e #2754 x[2]e 475 + x[3]e K5 + x[ale o5

— _{1_13—1'&”/5 +le—ik87f/5} since @ k8IS _ g-ikergikels _ qjk2zls

2

1 1 . 1 .
X k = — l+_e]k27f/5__e—jk2ﬂ'/5
=L e Loy

I—
— l{1+ jsin(k27z /5)} The same expression for the DTFS coefficients !!!

16 Lec 3 - cwliu@twins.ee.nctu.edu.tw



Example 3.2 (conti.)

|XTk]] |x[k]|EMagnitude spectrum of x[n]

|X k]| Even function | ,
Q o] o] ’ (o] Q Q Q
o o] o] (o] o] o o o
o 2
1 | - k
-8 -6 4 -2 0 2 4 6 8 10
arg{ X [k1}

Odd function

arg {X[k} (radians) arg{X[k]} = Phase spectrum of x[n]

1+

|
o
W
Y | ; I
dﬁ
——]
=
Yy

Lec 3 - cwliu@twins.ee.nctu.edu.tw



Example 3.3 Computation by Inspection

Determine the DTFS coefficients of x[n] = cos (nnt/3 + ¢), using the method of inspection.

<Sol.>
|.Period:N =6 I Q, = 2m/6 = /3
2. Using Euler’s formula, x[n] can be expressed as
iGnig)  —i(Zn+g)
3 3 _[Z L E
x[n]=e e =le‘j¢e J3n+le“”ej3n (3.13)
2 2

3. Compare Eq. (3.13) with the DTFS of Eq. (3.10) with €2, = n/3, written by summing
fromk=—-2tok=3:

x[n]= 23: X [k]e¥™"?

= X[-2]e7"#""° + X[-1]e ™"® + X[0] + X [1]e’""® + X [2]e'*™"° + X[3]e'™"

) (e 1?2, k=-1
= x[n] «— 35 X[k]=1e*/2 k=1
0, otherwise on —-2<k<3

18 Lec 3 - cwliu@twins.ee.nctu.edu.tw



Example 3.4

o6}

<Sol.>

|. Period: N.
2. By (3.11), we have

X [k]:ifé‘[n]e_janﬂ-/N —
N & N

19 Lec 3 - cwliu@twins.ee.nctu.edu.tw



Example 3.6

Find the DTFS coefficients for the N-periodic square wave given by

N e e UL -

<Sol.>
|. Period = N, hence QO = 2n/N

2. It is convenient to evaluate DTFS coefficients over the interval n = —M to n = N-M-1.

—M<n<M 1 NM-1 _ 1 M
X{n ||~ X k —_ XIn e_JkQOn . e_JkQOn
[] {O M<n<N-M [k] anz_:(,l[] anz_;ﬂ

3.Fork=0,%£ N,+ 2N, ...,we have g% =g % _q
M
iy X[k]=— ZI—ZMN+1, k=0,£N,+2N,.

For k #0,£ N,+ 2N, ..., we have
1 M _ eijOM (1_ejk§20(2M+1)

__________________ X[k]=— Ze_Jkgon = 1_ e %

j, k#0,£N,£2N,...
20 Nn:—M N



Example 3.6 (conti.)

pIQM (1 _ o 1kOM (2M+1)
X[k]= Y [ o j, k=0, £N, £2N, ...
) 1 [ oi(@M+1)12) (1 _ qka(2M+1) 1 [ eiko(@M1)12 _ o= Jkag(2M+1)/2
— X [ ]: N NTCNE 1_ oK% = N e K12 _ oIk 12

1 sin(kQ,(2M +1)/2)
N sin(kQ,/2)
k=0, £N, +2N,

The numerator and denominator of - X [k] =
above Eq. are divided by 2j

0.2 0.5 T T T T T
04 -
0.15
0.3
0.1 0.2
X[k) X[k]
o.0s ({ilf 01
o JisssssestSllissessssil
1"[‘3' L E"],"[ IT L TTTTII
0
-0.1 |- |
—0.05 .'- 1 1 . 1 2 0 —0.2 1 1 1 1 1 1 1 1 I
-50 40 -30 -20 -10 O 10 20 30 40 50 -50 —-40 -30 -20 -10 0 10 20 30 40 50
k .

e 1

(a) b)
The DTFS coefficients for the square wave, assuming a period N =50: (a) M =4. (b) M = 12.
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Symmetry Property of DTFS Coefficients

» If X[k] = X[-k], it is instructive to consider the contribution of each term in

N-1 | .
X[n] = Z X [k]eJkQOn of period N
k=0

» Assume that N is even, so that N/2 is integer. O, = 2t/N
» Rewrite the DTFS coefficients by letting k range from —N/2 +1 to N/2, i.e.

N/2
xn]=" > X[k
k=—N/2+1
N/2-1 eJmQO + e —jmQgn
mp X[n]=X[0]+X[N/2]e""+ B 2X[m ]( j
m=1 N/2 1
= X [0]+ X [N /2]cos(zn)+ m]cos (mQ,n)

» Define new set of coefficients

B[k]={x[k]’ (=0 N2 - x[n]:%B[k]cos(kQOn)

2X[k], k=1 2, .., N/2-1

A similar expression may be derived for N odd.



L

N-M N+M

SEIIE

-N 0

Example 3.7

The contribution of each term in DTFS series to the square wave may be illustrated by
defining the partial-sum approximation to x[n] as &, x;[n] = Z B[k]cos(kQ,n)

where | < N/2.This approximation contains the first 2/ + | terms centered on k = 0 in the
square wave above.Assume a square wave has period N = 50 and M = 12. Evaluate one
period of the Jth term and the 2/ + | term approximation for | = I, 3, 5, 23, and 25

<Sol.>

1 T I I I T I I T 1.5 T I I I I I I I I
05}
0

el I

-1
=25 —20 —15 —lO -5

B[1] cos (£2,n)

25 225

=0
(¥,
S

x3(n)
o
w
I
1

B[3] cos (3Q2,n)

1

-
-
-
-
-

1 1
=25 =20 =15 -10 -5 0 5 10 15 20 25

-0.5

=25
(b)

! 1 I
=20 -15 -10

5

Lec 3 - cwliu@twins.ee.nctu.edu.tw



B[23] cos (23Q,n) B[5] cos (5Q,n)

B[25] cos (25Q,n)

24

1.0 T T T T T T T T T

0.5 -

-0.5

T

-1.0 | l | 1
-25 20

=2 O
L

-0.5 |- -
-1 I 1 ! ! I I 1 I ]
-25 =20 -15 -10 -5 2 5 10 15 20 25
\ | I 1 1 I ] I T |
05+ -
0 1-0.00.00.0/0.00-00-00-00-0y 0.0 9.0y OOy Oy 8- OBy Oy By Oy oy Oy By Oy
-05 -
-1 ! | | L L ! I | I
-25 -20 -15 -10 -5 g 5 10 15 20 25

| L
-15 -10

|
=20

|
=25 -5 0 5 10 15 20 25
n
()
1-5 T I
| J=123.
Z o5t
=
0 foooooocogoeo LTI 60000000000
-0.5 | |
35 20 -5 10 5 0 5 10 15 20 25
n
)
15 I I | I I | 1
1
% 05
o
0
_05 1 | | | | 1 l 1 1
25 20 -15 -10 -5 0 5 10 15 20 25
n
(e)

The coefficients B[k] associated with values of k near zero represent the low-
frequency or slowly varying features in the signal, while the coefficients
associated with values of k near = N/2 represent the high frequency or rapidly

varying features in the signal.

Lec 3 - cwliu@twins.ee.nctu.edu.tw



pipr. OF ELECTROMICS 924
ENGINEERING &
st of ELECTROMCS ™

Fourier Series (FS)

» The DT-pair of a periodic signal x(t) with fundamental period T and
fundamental frequency @w,=2n/T is

xt) =Y X[k]eh!

x(t) «—2— X[K]

LT okt
X[k == jo x(t)e Kot gt

take one period of x(t)
The FS coefficients X[k] are called the frequency-domain representation for x(t)

The value k determines the frequency of the sinusoid associated with X[k]

The infinite series in x(t) is not guaranteed to converge for all possible signals.

Suppose we define

R(t)= > X[kJe' ' _aprozchto? ,yt)
k=—o0

If x(t) is square integrable, then

)‘dto

________________________________________________________________________________ a_zero_po_wer_m_them_differences.
p 25 Lec 3 - cwliu@twins.ee.nctu.edu.tw
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» A zero MSE does not imply that the two signals are equal pointwise.

» Dirichlet’s conditions:
x(t) is bounded
x(t) has a finite number of maximum and minima in one period

x(t) has a finite number of discontinuities in one period

» Pointwise convergence of X(t) and x(t) is guaranteed at all t except
those corresponding to discontinuities satisfying Dirichlet’s
conditions.

» If X(t) satisfies Dirichlet’s conditions and is not continuous, then )A((t)
converges to the midpoint of the left ad right limits of X(t) at each
discontinuity.

D 26 Lec 3 - cwliu@twins.ee.nctu.edu.tw



<Sol.>

Example 3.9

Determine the FS coefficients for the signal x(t).

|. The period of x(t) is T = 2,s0 o ,=2n/2 =n.
2.Take one period of x(t): x(t) = e 2,0 <t <2, Then

X [k]:%-"o e—2t —jkﬂtdt _ J’ e 2+jk7z') dt= 1

X [k]|

arg{ X [k]} (rads)

4+ k27

(1-e e )= 1-e”

025 E ,
02|

015~
0.1

0.05—

Ovovooo?????TTTi_TTT

H

‘IITTTTT?T????quOQ

9

20 -15

0

5

10 15

2

0

“Hmwm

(=]

T

|
—

U

20

4+ k27

| The Magnitude of X[k] =
| the magnitude spectrum of x(t)

The phase of X[k] =
the phase spectrum of x(t)-



Example 3.10
Determine the FS coefficients for the signal x(t) defined by x(t)= i 5(t—4l)
I=—0

<Sol.>
|. Fundamental period of x(t) is T = 4, each period contains an impulse.

2. By integrating over a period that is symmetric about the origin,— 2 <t < 2, to obtain X[Kk]:

12 ik(ri2)t gy L
X[k]—zj_25(t)ej dt =7

3.The magnitude spectrum is constant and the phase spectrum is zero.

28 Lec 3 - cwliu@twins.ee.nctu.edu.tw



Example 3.11 Computation by Inspection

Determine the FS representation of the signal X(t) = SCOS(ﬂ’t /2 + 7[/4)
<Sol.>
|. Fundamental frequency of x(t) is ® = 2n/4= nt/2,so T = 4.

2. Rewrite the x(t) as

j(mt/2+7/4 —j(zt/2+7 14
X(t)=3el( )+e i ) :Eejyr/4ej7rt/2+§e—j7r/4e—jirt/2
2 2 r 2
3. Compare with Ee—jﬂm k=—-1
e | 2 ’
x(t)= > X[kle*?  nmm—)p 3
(=0 X[k]=<5e”’4, k=1
0, otherwise
| X (k]| arg{ X[k]}
3/2

/4 “I
> To 3 k ““_"2!‘02 k
+ — w4

29 Lec 3 - cwliu@twins.ee.nctu.edu.tw



Example 3.12 Inverse FS

Find the (time-domain) signal x(t) corresponding to the FS coefficients X [k] = (l/ 2)|k| g lkr/20
Assume that the fundamental period is T=2.

<Sol.>
|. Fundamental frequency: ®,= 2n/T= n.Then

X =3 X[k]e" =Z(1/2) elk”’zoelk”t+z 1/2) " el gl

:i(llz)kejk;zlzoejkﬂt +Z 1/2| ~ilr120 o~ it
k=0

_ 1 1 1
- _(1/ z)ej(mﬂ/zo) T 1_(1/ 2)e—j(7zt+ﬂ/20) -

30 Lec 3 - cwliu@twins.ee.nctu.edu.tw



Example 3.13

Determine the FS representation of the square wave:
x(1)

1

T T
: | t
<Sol> -T-T, -T+T, -T, |0 T, T-T, T+T

|. The period is T, so the fundamental frequency = 2n/T.

2. We consider the interval — T/2 <t < T/2 to obtain the FS coefficients. Then
(I) For k # 0, we have

X [k]:TijT/Z X(t)e_jkatdt:Tij‘jioe_jkatdt

]

(2) For k = 0, we have

1% 2T
X [O] = ?J‘—TO dt = ?0

-T/2
To

. k=0

_ __1
Tiko,
jkag Ty _ — jka T,
__2 (e _e j k=0
Tko, 2] By means of U'Hopital’s rule
_ 2sin(kay,T,)

_2sin(kew,T,) 2T 2sin(keo, T,)
T T T e, K AEO | = 0.0/ - —_ Q_.,.-X[k]: Tka)oo :

e~ Jkat




Example 3.13 (conti.)

0.1

X[k
[]0.0

5

0

-0.05 L
250 40 30 20 -10 0 810 20 30 40 5 -0 40 =30 20 -10

Figure 3.22
The FS coefficients, X[k], -50 <k <50, for three square waves. (a) T,/T = 1/4 . (b) T/T = 1/16.
(c) T/T = 1/64.

32 Lec 3 - cwliu@twins.ee.nctu.edu.tw
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sin(zzu)
U

11111”1111

0.8 |- -

Sinc Function sinc(u) =

0.6 |

04— —
sinc (u)
02 —

0 /\V/\V/\V/\ /\V/\VI\V/\
vV _

—04 I Y SN NN SR N NN N
10 8 -6 -4 2 0 2 4 6 8§ 10

» Maximum of sinc(u) is unity at u = 0, the zero crossing occur at integer
values of u, and the amplitude dies off as |/u.

» The portion of sinc(u) between the zero crossings at u = = | is known as
the mainlobe of the sinc function.

» The smaller ripples outside the mainlobe are termed sidelobes

p 33 Lec 3 - cwliu@twins.ee.nctu.edu.tw
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More on the FS Pairs

» The original FS pairs are described in exponential form:  [x(t) = i“ X [k]e et
» Let’s consider the trigonometric form k=—c0

x(®) = 3 X[KJe™ = X[0]+ 3 (X [k + X [—k]e )

= X [0]+ i“ (‘X [k]‘ejkwotﬂarg{xlk]} n ‘X [_k]‘e—J’konjargW[—kﬂ)
k=1

=|X[-K] and argiX [-k]j=-arg{X K]}
= x(t) = X [0] +i‘ X [K](e i tkatsmmaix(h) | g-itkontramsbxiia)y
k=1

» For real-valued signal x(t): ‘X [K]

= X[0]+ 32X [k] cos(kat +arg{X [K])

= X[0]+ iz\x [k][(cos(arg{X [k1}) cos(keyt) —sin(arg{X [k]}) sin(ka,t))
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Trigonometric FS Pair for Real Signals

x(t) = BO]+ . Bk]cos(kayt) + AK]sin(ka,t)

where

B[0] = X[0], B[k]=2|X[k] cos(arg{X [k]}) Alk]=—2|X[k]sin(arg{X [k]})
_ 2Re{X [K]} — 2 Im{X[K]}

Or, if we use trigonometric FS representation for a real-valued periodic signal x(t)
with period T, then

B[0] = %IOT X(t)dt B[k]= % _[OT X(t) cos(ka,t)dt  Alk] = % jOT X(t) sin(ka,t)dt
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Example 3.15

Let us find the FS representation for the output y(t) of the RC circuit in response to the
square-wave input depicted in Fig. 3.2 1, assuming that T_/T = 4, T= | s,and RC= 0.1 s.

(1) R
A"AAY +
1

Y -] - x(1) (D C ==y

-T

T-T, It
<Sol.>
|. If the input to an LTI system is expressed as a weighted sum of sinusoids (eigenfunctions),
then the output is also a weighted sum of sinusoids.

2. Input: 3. Output:
W)= 3 X[Kp X[i]= 25n(kaeTo) y(t) <o ¥ [K]=H (jka) X [K]
k=—o0

— N T jKapt
4. Frequency response of the RC circuit: y(t) B k:Z_OOH (kao )X [k]ej

0 (4]

| 1/RC
H(jo)=-
Jo+1/RC
5. Substicuting for H(jo,) with RC=0.1 _yf_ 10 sinkkz/2)

sand ©_ = 2w,and T/T = Y4 B 27k +10  krx



