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Introduction

The Convolution Sum

Convolution Sum Evaluation Procedure
The Convolution Integral

Convolution Integral Evaluation Procedure
Interconnections of LTI Systems
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Relations between LTI System Properties and the Impulse
Response

» Step Response
» Differential and Difference Equation Representations
» Solving Differential and Difference Equations
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» Characteristics of Systems Described by Differential and
Difference Equations

» Block Diagram Representations
» State-Variable Descriptions of LTI Systems
» Exploring Concepts with MATLAB

» Summary
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Introduction

» Methods of time-domain characterizing an LTI system

An |O-relationship that both output signal and input signal are
represented as functions of time

Impulse Response

The output of an LTI system due to a unit impulse signal input applied at
time t=0 or n=0

Linear constant-coefficient differential or difference equation

Block Diagram

Graphical representation of an LTI system by scalar multiplication,

addition, and a time shift (for discrete-time systems) or integration (for
continuous-time systems)

State-Variable Description

A series of coupled equations representing the behavior of the system’s
states and relating states to the output of the system

p 4 Lec 2 - cwliu@twins.ee.nctu.edu.tw



. An arbitrary signal is expressed as
x[-2)6[n + 2]

s a weighted superposition of shifted
H—Lo—i—o—o—o—o—ofn imPUISeS

x{-138[n + 1] x[n]ﬁ[n—k]=x[k]5[n—k]

x[n] = entire signal;

0 x[k] = specific value of the signal x[n] at time k.

x[-1]
x[n]é‘[n]z x[O]é‘[n]
x[0]

0
x[118[n - 1)

" A series of time-shifted versions of the
x . . .
! I ] weighted impulse signal
0
x[28[n - 2]

x(2] l I
n

0

o o[n] =+ x[=2]8[n+ 2]+ x[-110[n + 1]+ x[0]5 ]
] % [ s +x[1]6[n—1]+x[2]5[n—2]+

[o] Lec2. c"wliu@Ewkegcee[&ld{w — k]

k=—0
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The Convolution Sum and o OGS |
The Impulse Response

» An arbitrary signal can be expressed as a weighted
superposition of shifted impulses

The weights are just the input sample values at the
corresponding time shifts

» Impulse response of LTI system H{- }: h[n|=H{Jn]}

Input x[#] Output y[#]

LTI system

h[n] y[n] = x[n]*h[n]= h[n]*x[n]

y[n]=H{x[n]}=H{ix[k]5[n—k]} o
linear

. ix[k]H{&[n —k1} i ix[k]h[n — k]

k=—o0 k=—o0

Convolution sum = x[#]*A[n]
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Convolution Sum

» Example
Finite Impulse Response (FIR)
x[n]
gl
—o—o0 I o !’ O—O—O—n y[n]
[ F,
*© LTI System
x[n] = k;x[k]a[n — k] ®
x[n]*h[n]= 3 x[k]h[n—k] 999
k=—0o0
»7  Lec2-cwlu@winseenctuedutw visl
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Convolution Sum?

yinl]

x[n]= ix[k]é‘ [n—k] LTI System

o]

k=0  x[01d[n] \—I x[0] hln ] k=0 x[n]*h[n]= Z x[k]h[n-k]

k=—o0

172
—T e o o o

-1 1 2 3 4
-1+

-1 1 2 3 4
_]--
k=2 x[21d[n-2] x[2] h[n-2] k=2
]_-
~1 2 12 2 3 o5 |
’_¢ i ¢—¢ n 1
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[llustration of Convolution Sum/Integral

» Continuous-time signals

fl |

X g(t)

A

Output of the
Y (t) convolution

A
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[1lustration of Convolution Sum

T g(t-7) t
) 2 2
g(-7) AL 0 \ 0
1 / 41 /
(1 } /
o2 ) 1 RIS )
‘r A A
2 2 2
@ J/l 1! T T
< — | > < '//I » < //]l >
2 t2 7 2+t ¢ 2 T 2 +e2 e f
2-1 - 2-3
RO
1
f()*g(t) / \‘
‘ ! | | >
-2 0 2 3 !
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Convolution Sum Evaluation Procedure

» Reflect and shift convolution sum evaluation

Graph both x[k] and A[n—k] as a function of the independent variable k. To
determine /[n—k], first reflect i[k] about k=0 to obtain /[—k]. Then shift by —n.

Begin with 7 large and negative. That is, shift #[—k] to the far left on the time
axis.

Write the mathematical representation for the intermediate signal
o, [k]=x[k]h[n—k].
Increase the shift # (i.e., move h[n—k] toward the right) until the mathematical

representation for o, [k] changes.The value of n at which the change occurs
defines the end of the current interval and the beginning of a new interval.

Let n be in the new interval. Repeat step 3 and 4 until all intervals of times
shifts and the corresponding mathematical representations for w,[k] are
identified. This usually implies increasing n to a very large positive number.

For each interval of time shifts, sum all the values of the corresponding o, [k]
to obtain y[n] on that interval

o0

yin]= D w,lk] @6

k=—o0
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Example 2.2

4
determine the output of the system at time n=—5, 5, and 10 when the input is x[n]=u[n].

3 n
Consider a system with impulse response h[n]= (—j u[n]. Use Eq. (2.6) to

[k]

Sol: ’
T - il
—6-0-0—0-0—0—] ! 1 1 k
-2 0 2 4 6
h[n — k] w_s[k]
A 1
. N k
0 n 4 -2 0 2 4
(a) (b)
wslk] (2)5_‘c wiolk] 10—k
11» ¢ II (%)
::::nOc.TTTITM%O—k —o—¢—o—¢—o—¢—c.9???TiTIT]“’_¢_k
0 2 4 0 2 4 6 g8 10
(© (@

Figure 2.3 (a) The input signal x[k] above the reflected and time-shifted impulse response
h[n — K], depicted as a function of k. (b) The product signal ws[k] used to evaluate y [-5]. (c)
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=

xample 2.2 (conti.)

1. h[n—k]: .
3 n—k :
2 <
YA ) R
0, otherwise .
2. Intermediate signal w [k]: E Forn=10: .
For n =-5; W_5[k]=0 . (éj , 0<k<10
T = N
o . .0, otherwise
Forn=75: e . Eq.(2.6) nmmd
(—] , 0<k<5 .
ws[k]=4\4 .
.0, otherwise .
5—km
Eq. (2.6) i [ 3) s
Wsl=20 )
k=0 -
» 13 Lec2-cwlu@twinseenctuedutw sl
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Example 2.3 Moving-Average System

The output y[n] of the four-point moving-average system is related to the input x[n] by

1 3
n] =5 2xln-4]
Determine the output of the system when the input is X[”l] = “["]—”[” - 10]
<Sol.>

| First find the impulse response /[n] of this system by letting x[n] = d[n], which yields
1

h[n] =2 (uln]-u[n-4])

4

2. Reflect and shift convolution sum evaluation

o0 o0

yin]= Y xlkliln—kl= D w,k]  (26)

fk=— k=—o
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h[n]

1/4
0 2 4 6
(a)

x[k]

RN

4 6 8

h[n — k]

—o—o—o—o—i—i—?—tl(ﬁi)—o—o—k
n-3 n

(c)

wylk]

1/4

x[n]

Example 2.3 (conti.)

Forn<0andn> 12:y[n] =

1
'l””“” d) For0<n < 3:

0 2 4
(b)

wﬂ[k]

1/4

0 n 4

(d)

wylk]

1/4

6 8 % n+1
y[n]:21/4=
k=0
e) For3<ns9:
y[n]= 21/4——(
k k=n-3
fy For9<n<12:
y[n]= 21/4——(
K k=n-3

2 4 n-39

I’st interval:n < 0

2’nd interval:0 < n <3
3rdinterval:3<n<9
4th interval: 9 <n <12
S5th interval:n > 12
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(n=-3)+1)=1

13—n

n 3)+1)
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Infinite Impulse Response (IIR) System

The input-output relationship for the first-order recursive system is given by

y[n]=pyln=1]=x[n]

Determine the output of the system when the input is x[n] = bnu[n + 4], assuming that b # p

and that the system is causal.
<Sol.>

| First find the impulse response /[n] of this system by letting x[n] = d[n], which yields

h[n]zph[n—1]+5[n]

Since the system is causal, we have A4[n] =0 for n <0.Forn=0, 1, 2, ..., we find that

A[0] =1, 1T =P AI21= P2 s oF [T = ]

2. Reflect and shift convolution sum evaluation

yinl= Y ki —k1= Y w k] @

k=—c0 k=—0

Infinite impulse response (IIR)
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Example 2.4 (conti.)

X{k]:{bﬁ —4<k

0, otherwise
x[k]

o 4 p4 n—k k S
0, otherwise

e ]H“Timm |

4 2 0 2 4 b T ?

b*p"™*, —4<k<n

veoo | Tri Two_k oo i T ] fﬁ Il ] ooook o [k] :{ 0, otherwise

n —4 n
(a) (b)

|) For n < —4:y[n] =0.
2) Forn>—4:
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Example 2.4 (conti.)

o170
6 = o Oo O, n< _4
o
e Q on y[n]:< b_4 pn+5_bn+5 _4<n
Q nn P~ b , )
41— P —
y(n] o
3= 0 =
Q

L Q %o |
1 — —

o
T Hﬂmm

20 25

-10 -5 0 5 10 15
n

(©

30

Figure 2.5¢c (p. 110)
(c) The output y[n] assuming that p = 0.9 and b = 0.8.
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Example 2.5 Investment Computation

v

y[n]: the investment at the start of period n

» Suppose an interest at a fixed rate per period %, then the investment
compound growth rate is p=1+r%

» If there is no deposits or withdrawals, then y[n]=py[n-1]

» If a there is deposits or withdrawals occurred at the start of period n, says
x[n], then y[n]=py[n-1]+ x[n]

» Please find the value of an investment earing 8% per year if $1000 is
deposited at the start of each year for 10 years and then $1500 is
withdrawn at the start of each year for 7 years.

x[n]

1000 *L
10 12 14 16
] Il

[ e e e
T

p 19 Lec 2 - cwliu@twins.ee.nctu.edu.tw




(1.08)"*

HH”T‘T/T??M_O_O_H_J:

h

(@)

w,[k]
1000(1.08)"*

44¢ii]TTiiTifW "

o—o-o—k

I

~1500(1.08)" % —=
()

10<n<16

1000(1.08)"",

w, [k]=1-1500(1.08)"",

0,

1. OF ELECTROMIC o
ENGINEERING &
st of ELECTROMCS ™

n—k
v []= {1000(1.08) ., 0<k<n

0, otherwise
b 1000(1.08)""*
.08)
iIH/HI 0<n<9.
k
(b)
wy[k]
/1000(1.08)""‘
[[T1ftgg0 2 1 16 k
N -
-1500(1.08)
(d)
17< n
0<k<9 (1000(1.08)"",  0<k<9
10<k<n  w,[k]={-1500(1.08)"", 10<k<16
otherwise 0, otherwise

Lec 2 - cwliu@twins.ee.nctu.edu.tw



pipr. OF ELECTROMICS 924
ENGMEERING ¢ §
st OF ELECTROIMNCS ™,

Example 2.5 (conti.)

I | I | l
(=]
20,000 |- o |-
Q
(o]
15,000 - 9o of -
o 796 o © {
o
10,000 i -
[#]
5000 1 Figure2.7
¢ T T (e) The output y[n] representing the value of the
% 5 10 15 20 25  investment immediately after the deposit or
Year withdrawal at the start of year n.
(e)
p 2| Lec 2 - cwliu@twins.ee.nctu.edu.tw VLS|
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Continuous Integral x()«(r)=[" x(2)h(t-7)dz

—00

» Reflect-and-shift continuous integral evaluation
(analogous to the continuous sum)

1.
2.

3.

. For each sets of shifts 7, integrate w (1) from 7= -0 to 7= 0, J Oowt(r)d T

Graph both x(7) and 4(#—7) as a function of the independent variable

Begin with the shift ¢ large and negative, 1.e. shift 4(—7) to the far left on
the time axis to obtain A(¢—7)

Write the mathematical representation for the intermediate signal
w(7)=x(0)h(t—1).

. Increase the shift 7 (i.e. move A(z—t) toward the right) until the

mathematical representation of w(7) changes. The value # at which the
change occurs defines the end of the current set and the beginning of a
new set.

. Let # be 1n the new set. Repeat step 3 and 4 until all sets of shifts 7 and the

corresponding w,( 7) are identified. This usually implies increasing ¢ to a
very large positive number.

to obtain x(7)*A(z).

Lec 2 - cwliu@twins.ee.nctu.edu.tw
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Example 2.6

. x(1) h(t)
Given and
1 1
. | t | t
0 1 2 3 0 1 2

x(t)=u(t-1)—u(r-3) h(t)=u(t)-u(t-2)

Evaluate the convolution integral y(¢) = x(¢) * h(z).

<Sol.> x(™)

IWL , Wt(r)_{l, l<r<t

T 1 T = .
o 1 2 3 W (2 0, otherwise
| h(t -7 l«‘» |_|
T 1 L
§=1 t o' 1t T
(@) (b)
I, r-2<7<3 y® 0
2
w,(7) 2

0, otherwise
IJ[ | /\ y(t)=H 'k
"""""""""""""" ’ } " " ‘ - S—f,
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Impulse Response of e\
Continuous-Time LTI System /h(t)=H{X?)}

Input x(7) Output y(7)

LTI system
h(t)

y(t) = x(2) * h(2)

» Recall that x() =] x(2)5(t—7)dr
y(t) = Hi{x(1)} = H{[“; x(2)5(t - r)dr}

Linear = i X(D)H{S(t - 1))dr

Time-invariant = | x(0)h(t—7)dr

- ;c(t) *h(t)

The output is a weighted superposition of impulse
responses time shifted by t

b 24 Lec 2 - cwliu@twins.ee.nctu.edu.tw



If x(t) = u(t), i.e. the step response, the solution is

y(@)= (=" u()

Please find the impulse response of the RC circuit

<Sol.>

» RC circuit is LTI system.

I

x, (1) = x,(2) —x,(?)

|

[ = ——

nO=ueD) N7y
|| —

1 A 1

£)=—u(t—— —

&xz() Au( 2) Y, A

I:l - e—(t+§)/(RC)
l:l ~ e—(r—ij/(RC)
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Example 1.21&2.7 RC Circuit System

According to KVL, we have Ri(?) + y(¢) = x(¢), i.e. RC dJ;’(tt)

+ (1) = x(1)
R
——AM—

x(1) C_’) @ == C ¥

ﬁ L x(t)=x,(1)

ﬁ . () =x,(0)

y.(1)= i(l — o ADIRONY (r 4 AJ2) - %(1 — o (TADIRONy (A /2)

- %(u(t +A/2)—u(t—A/2))- i(e_((HA/z)/(RC))u(t +A/2)— e AR A/2))

Lec 2 - cwliu@twins.ee.nctu.edu.tw



5(t) =limx, (¢)

ey V(1) = 1My, ()

—5(t) - %(e”(RC)u(t))
— 5@) . e—t/(RC) %u(t) . u(t)%(e—t/(RC))

=0(t)— e "ROs (1) + Le‘” (Rc)u(t), x(t)=0(¢)
“ ~ RC

L_» Cancel each other!

1 : .
mp (1) =—e "), x(t)=05(t) (1.93) i-e.theimpulse response of
RC the RC circuit system

Example 2.7 — RC Circuit Output

We now assume the time constant in the RC circuit system is RC = 1s. Use
convolution to determine the voltage across the capacitor, y(t), resulting from an

input voltage x(¢) = u(t) —u(t—2)-
x(t)

1

26 o 1 3 Lec 2 - cwliu@twins.ee.nctu.edu.tw
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Example 2.7 (conti.)

<Sol.> RC circuit is LTI system, so y(¢) = x() * h(?).
|. Graph of x(1) and h(t — 7):

x(T):{l, 0<r<2 bt 1) = (1= 7) {e (=) < '
0, otherwise 0, otherwise
2. Intervals of time shifts:

(1). Fort<0,w(t)=0

(2). For0<¢<2, w, (z') =

{e(”), O<r<t
(3). For2<t,

0, otherwise

(ier )
w (7) = e 0<r<2 IT
t 0,  otherwise | ’
0 1 2 w
3. Convolution integral: o ()

1
i <1<2 L1
2) For second interval 0 <7 <2 . —'/]71

Lo e (el )ere - =
w,(‘[) y(t)
3) For third interval 2 <t: 0_86{
_________ e ) N .- T T~
b 27 y(z):joze dr=e t(efi)z(ez—l)et _r_:r/!—T o f
(©) (d)
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Suppose that the input x(¢) and impulse response /(7) of an LTI system are

x(£)=(t=1)[u(t-1)-u(r-3)] 2 h(t)=u(r+1)-2u(t-2)

Find the output of the system.

<Sol.>
There are five intervals

I’st interval: 1 < 0
2’nd interval: 0 <71 <2
3’rd interval: 2 <7 <3
4th interval: 3 <1 <5

S5th interval: 1 > 5

Figure 2.14
(a) The reflected and time-shifted impulse

response h(t — t), depicted as a function of 1.

(b) The product signal w,(t) for0<t< 2.
(c) The product signal w(t) for2<t< 3.
(d) The product signal w,(t) for 3<t<5.
(e) The product signal w(t) for t > 5.

(F) The system output y(t).

e 24

x(71)

0 1 3
h(t-7)
1
-2 t+1
-1
(a)
w,(T)
24
N, , -
0

@

w{r) w7
| | /’
T ‘A T t 4 !
0 1 t+1 0 1 3
(b) (c)
1)
24
w(T)

zl.a
- |
L‘»-
3
b o
N
—
[ ]
[¥% )
F =Y
W
[=,1
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Outline

vV VvV VvV Vv

>
» Interconnections of LTI Systems

» Relations between LTI System Properties and the Impulse
Response

» Step Response
» Differential and Difference Equation Representations
» Solving Differential and Difference Equations
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Interconnection of LTI systems

» The results for continuous- and discrete-time systems are nearly identical
|. Parallel Connection of LTI Systems

+
x(t) —>—e — (1) x(t) — hy(®) + hy(2) —> y(1)

+
— h,(1) J Equivalent system.

x(£) *hy (f) = ji x(2)h,(t - 7)dt
Y(O) = x(O) ¥ () + x(O) ¥y () = [ x(@Oh(t=)dr+ [ x(0)h(t-1)de

_ j“; X(0)(h(t = 7) + by (t = 7))d T = x(£) * (b (1) + b, ()

— hy() —lx(t)*hl(t): fwx(r)hl(t—r)dr

Distributive property
Continuous-time case  X(£) * {h, (£) + 1, (£) } = x(£) * 1, (£) + x(¢) * h, (¢)

Discrete-time case x[n]* {h1[n] +h, [n]} = x[n]*h[n]+x[n]*h,[n]

p 30 Lec 2 - cwliu@twins.ee.nctu.edu.tw
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Interconnection of LTI systems

2. Cascade Connection of LTI Systems h(t) = h,(t)*h,(t) = I_w h(0)h,(t —7)dr
(1)
x(t) = h,(1) Z—» hy(t) — y(1) x(t) —> h(t) « hy(1) — (1)
Z(t) — x(t) * hl(t) Equivalent system

y(0) = 2(t)xhy = | 2(2)hy(t=7)d7

= [ @) *h(@)hy(t—1)d7 = | ( [ xm(z-v)d vjhz(t ~7)drt

o0
—o0

- Z x(v)(.i h(t —v)h,(t—1)d r)dv

Change variable by n=1-v = o:O X(V)(:_O; hy (imhy (1 —v - 77)6177)0"/

= [ x()h(t=v)dv = x(t) * h(2)

Associative property 1(0) % By (0) hy () = x(2) % 4y (8) * 1y (0) §
{x[n]* I [n1}* hy[n] = x[n]* {[n]* hy[n]}

b 3I Lec 2 - cwliu@twins.ee.nctu.edu.tw
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Interconnection of LTI systems

2. Cascade Connection of LTI Systems

z(1)
X(t) == h(t) =——> hy(t) —> y(1) x(1) = hy(t) —> h(t) —> y(1)

h(t)=h(t)xhy(8) = [ h(Dhy(t-7)d7
Change variable by v=t-t = j: h(t—=v)h,(v)dv =h,(t)*h(t)

Commutative property h () *h,(t) =h,(¢) *h/(1)
h[n]*h,[n]= h,[n]*h[n]

Table 2.1 Interconnection Properties for LTI Systems

Property Continuous-time system Discrete-time system
S x()*h(t)+x(@)*h, ()= x[n]* h[n]+ x[n]* h,[n]=
Distributive x() [ h () + h, (1)} xn]#{h [n]+ h[n]}

Associative  {x(?)* (1)} hy () = x(@)*{h () *hy(t)}  {x[n]*h[n]}*h,[n]= x[n]*{k[n]* h,[n]}

Commutative h () hy(t) = h,(t) * k(1) h[n]*h,[n]= h,[n]*h[n]
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Consider the interconnection of four LTI systems.The impulse responses of the systems are

h[n]=uln], hn]l=uln+2]-u[n], MW[n]=056[n-2], and h[n]=a"uln].
Find the impulse response h[n] of the overall system.
<Sol.> +
E—— hlz[n]Zhl[n]+h2[n] —— h3[n] > > y[n]
— h,[n] -
I x[n] —>—9 h,[n]=u[n]+ (u[n+2]-u[n]) =uln+2] W
+
—> h;[n] > > > hyln]
+ A—
| (a)
x[n] ——¢ haln]
+
—> hyy3[n] = (hy[n] + hy[n]) * hs[n] > > y[n]

= h4[n]

(a). Parallel combination of h,[n] and h,[n]:
(b). hj,[n] is in series with h;[n]:

(€). hy3[n] is in parallel with h,[n]:

x[n] ——t¢

hyps[n] = uln+21%5Tn —2] = uln]

> hyln]

(b)

x[n]=——=-hln] = (h[n] + h,[n]) = h3[n] = hy[n]

— (1]
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Relation Between 5. of ELECTRONS
LTI System Properties and the Impulse Response

» The impulse response completely characterizes the IO behavior of an LTI
system.

» Using impulse response to check whether the LTI system is memory, causal,
or stable.

|.Memoryless LTI Systems
The output depends only on the current input
Condition for memoryless LTI systems A(7) = co(7)
h[k] = cS[k] T simply perf.or.m |
scalar multiplication
on the input

2. Causal LTI System

The output depends only on past or present inputs
yln]=---+h[-2]x[n+ 2]+ A[-1]x[n + 1]+ A[0]x[#]
4 A[x[n =11+ A[2]x[n = 2]+ --.

Condition for causal LTI systems A[k]=0 for k<0 - cannot generate an

tput before th
h(z)=0 for 7<0 output betore the
input is applied
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3. BIBO stable LTI Systems

The output is guaranteed to be bounded for every bounded input.

y[n] = |x[n]*hin]

=|h[n]*x[n] =

ih[k]x[n — k]‘

M

hlk]|x[n—k]

»
I
8

hk|M . = Mxi\h[k]\

k=00

Ms

‘x[n]‘ S M < o0 ummp<

b
Il
8

The impulse response
is absolutely
summable/integrable

Condition for memoryless LTI systems Z‘h[k]‘ =
k=0

fw‘h(r)‘dr <
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Example 2.12 First-Order Recursive System

The first-order system is described by the difference equation y[n] = py[n —1]+ x[n]
and has the impulse response A[n]= p"u[n]

Is this system causal, memoryless, and BIBO stable?

<Sol.>
|. The system is causal, since A[n] =0 for n <0.

2.The system is not memoryless, since /[n] # 0 for n > 0.

3. Stability: Checking whether the impulse response is absolutely summable?

kY=o =Y |o <o iflp <
k=—c0 k=0 k=0

A system can be unstable even though the impulse response has a finite value for all t.
Eg: Ideal integrator:

y(t) = r x(7)dt with the impulse response: 4(f) = u(t).

Ideal accumulator:

y[n]= ix[k] with the impulse response: i[n] = u[n]
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Relation Between
LTI System Properties and the Impulse Response

4.Invertible Systems

A system is invertible if the input to the system can be recovered from the
output

x(t) = h(t) &)— h'™(t) — x(1)

x(t) = y()*h™ ()
= {x(t) = h(1) }x h™ (1)
Associative law = = X(7)* {h(f) *h" (f)}

E dition, but
Condition for memoryless LTI systems  jy(¢) * ™ (£) = 5(¢) .~ 2oy conarmon o

difficult to find or

inv _ implement
i.e. Deconvolution and Equalizer hin]* ™ [n]=oln] P
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Summary

Table 2.2 Properties of the Impulse Response Representation for LTI Systems

Property Continuous-time system Discrete-time system
Memoryless h(t)=co(t) h[n]=cd[n]
Causal h(t)=0 for t<0 h[n]=0 for n<0
Stability | |njde < = > |hn] <o
Invertibility h(t)* h™ = 8(t) A[n]* k™ [n]=8[n]
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