DSP (2020 Spring)

Computation of DFT

e Efficient algorithms for computing DFT — Fast Fourier Transform.
(a) Compute only a few points out of all N points

(b) Compute all N points

e What are the efficiency criteria?

B Number of multiplications

B Number of additions

B Chip area in VLSI implementation

<> DFT as a Linear Transformation

e Matrix representation of DFT

Definition of DFT:
N-1
X (k) = Z x(n)W,L‘”, k

n=0

N-1
x(n) :;ZX(k)WN"‘”, n=01...,N-1
k=0

where
x(0) |
L x(1
et . = (:) X, =
 X(N -1)]
and
1 1 1
1 W, W2
W, =1 W§ Wy

_1 WN(N—l) Wﬁ(N—l)
Thus,

=01,....,N -1

X(0) |
X (1)

_X(N -1)]

. W’\SN—l)(N—l)

X,y = WXy, N - point DFT

Xy =Wi'X, N-
l *
:NWNXN

point IDFT

Computation of DFT

Because the matrix (transformation) w,, has a specific structure and because W,L‘ has par-

ticular values (for some k and n), we can reduce the number of arithmetic operations for

computing this transform.
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DSP (2020 Spring) Computation of DFT

Example  x[n]=[01 2 3]

WS w2 owl wl] 11 1 1
W owr w2 owioTowg o wigow,)
We W2 WS OWS| |1 WE WS w2
we owS o owg owSlo[owS owgowy

W, =

11 1 1
1 -j -1 j
1 -1 1 -1
1 ] -1 -]

Only additions are needed to compute this specific transform.
(This is a well-known radix-4 FFT)

6
- —-2+2]
Th he DFT of
us, the of X[n] is X, =W,x, = -
|—2-2]]
< Fast Fourier Transform
-- Highly efficient algorithms for computing DFT
e General principle: Divide-and-conquer
e Specific properties of w ¢
B Complex conjugate symmetry: W *" = (W¥")"

W Symmetry: w72 - i
W Periodicity: w N =y
B Particular values of k and n: e.g., radix-4 FFT (no multiplications)

e Direct computation of DFT
N-1

X[K]=Y x[n]-Wg", k=01,...,N-1
~ Nt [Re(x[n])- Re(\lvh'f”)— Im(x[n])- Im(VV,L‘”) +
B j[Re(x[n])- Im(\/\/,ﬁ”)+ Im(x[n])Re(\N,\',‘”)]

For each k, we need N complex multiplications and N-1 complex additions. - 4N real
multiplications and 4N-2 real additions.

n=0
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We will show how to use the properties of W,\lf to reduce computations.

¢ Radix-2 algorithms: Decimation-in-time; Decimation-in-frequency
e Composite N algorithms: Cooley-Tukey; Prime factor

¢ Winograd algorithm

e Chirp transform algorithm

Radix-2 Decimation-in-time Algorithms
-- Assume N-point DFT and N = 2"

m |dea: N-point DFT > l\%-point DFT > l\%-pointDFT
%-pointDFT
’\%-point DFT > l\%-pointDFT
I\%-point DFT

m Sequence: x[0] x[1] x[2] x[3] --- x[%] . X[N =1]

Evenindex: X[0] x[2] --- X[N —2]
odd index: X[1] X[3] --- X[N —1]
N-1
X[K]= > x[nW.", k=01,...,N-1
n=0
= Y x[Wy" + 3 x[nwy"
neven n odd
n=2r n=2r+1
N

|

—1
2 2
= > X[2rIWE™ + > x[2r + 1wk
r=0 r=0

_zj(zlj _ZJ(L)
...W’\?:e N —e N/2 :WN/Q

N N,

2 2
X[kl= D X[2rWy5, + Wy > x[2r + 1w,
r=0 r=0

_/

%-point DFT %-point DFT

= G[K]+ W HI[K]
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x[0] e—— -

(';\ /
x[2] o—— N . [ X[1]
‘E — point ﬁl

x[4] o—— DET ol

. G[3] R
x[6] o—— X[3]
x[1] o——] X4
x[3] o—— —t X[5]

‘;V ~ point HV %
< DFT
x|3] o—— Xle
[5] o] e [6]
x[7] o——] X7
HI3] wy 7

B Comparison:
(a) Direct computation of N-point DFT (N frequency samples):
~ N2 complex multiplications and N complex adds

(b) Direct computation of I\%-point DFT:

~ (sz complex multiplications and (sz complex adds
2 2

+ additional N complex multisand N complex adds
~ (Total:) +2(N)2 _N +M complex multis and adds
2
(¢) log, N -stage FFT
Since N = 2", we can further break l\%-point DFT into two l\%-point DFT and

SO on.

x[0] o—— N . > X[0]
= — point 0
4P wh ﬁ N

x[4]o—] PIT X[1]
1

x[6)e—— PFT 5 X[3]

N : 74
3~ pomt ol Vol

ofs) e - > XS]
PO THAN

N

v[3] o= . X[6]
% - point “5 N

drjo{ PTT X[7)
b 7
Wy Wy
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DSP (2020 Spring) Computation of DFT

X[3]
wy Wy 3
Wy
x[1] X[4]
Wy Wy v

At each stage: ~ N complex multis and adds

Total: ~ N log, N complex multis and adds (-->';'|og2 N)

Number of Direct Computation: FFT: Speed Im-
points, N Complex Multis Complex Multis provement
Factor

4 16 4 4.0

8 64 12 5.3

16 256 32 8

64 4,096 192 21.3

256 65,536 1,024 64.0

1024 1,048,576 5,120 204.8

B Butterfly: Basic unitin FFT
Two multiplications:

. NIz
wy M
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One multiplication:

o >
(m—1)" mth
stage stage

x[3] o— . / T W'\?/ Exlel
70 72 3
(e Wy Wi W X1

B In-place computations
Only two registers are needed for computing a butterfly unit.

Xm[p] = Xm—l[p] +Wl\'l’ Xm—l[q]
Xm[q] = Xm—l[p] _Wl\ll‘ Xm—l[q]

Xm— 1 [p]O Armlpll

Wy )
)(m l[‘a"]O i _,)U”[q]

Advantage: less storage!
B |n order to retain the in-place computation property, the input data are accessed in the
bit-reversed order.
Note: The outputs are in the normal order (same as the “position”)

Position Binary equivalent Bit reversed Sequence index
6 110 011 3
2 010 010 2

NCTU EE
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Remark: Index 3 input data is placed at position 6.

X [nanyng)
o

Hg, n| 1y
[i]

o ——— x[000]
. 1

0 L x[100]
= 0

1 ——— x[010]

L - x[110]

———— x[001]

1 —»—A‘[IOI}

— > x[011]

x[111]

Computation of DFT

We may also place the inputs in the normal order; then the outputs are in the bit-reversed

order.

x[0]

> X[0]
NARE=

x[1]

x[2]

\V/£0:

x[3]e

AVi0 >
Wy /\\ w2 ><:
- —o " o X[6)
Wy

x[4] e
[5]e

-1 1
] X[1]
1] |
Wi \/ UL ><1xlsl
wh 2 B

VANERGS o

B [f we try to maintain the normal order of both inputs and outputs, then in-place compu-
tation structure is destroyed.
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x[0]o—

x[4]o
x[2] e

x[6]©

x[3]e

Radix-2 Decimation-in-frequency Algorithms

B Dividing the output sequence X[k] into smaller pieces.
N-1
X (k)= > x(mMW.", k=01...,N-1
n=0

If k is even, K = 2r.

N-1
X[2r]= S AW, r=04 D1
n=0

Ny

- ngox[n]\/vﬁ”r + %x[nwﬁnf ne(n+NJ)

n=—
2
N

=z

2

1
= 2Zx[n]\NN2nr + Zx{n“ﬂ-wj [ Zj
n=0 n=0

2 N
'°'WN rin+ A] :Wl\?mwl\'l’N :W’\?rn

=

= Z(x[n]+ X n+|;I j-W,\f“r
n=0 L |

N

=z

N
= x[n]+x{n+—||-W
5o [

N

Similarly, if k is odd, K = 2r +1.

N

X[2r +1] = i}(x[n] - x{n + SD Wy Wy
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Let

x[O]\
x[1]

x[2] \

x[5] /
v[6]

x[7] /

n=0
N
g[n] = x[n] + x n+E
N
h[n]=x[n]—x| n+—
2
7 > ———o X[0] ]
3 o XIE]
ya 7 P L X,lk]
XX/ ;. -
x[3] ——— X[6]
KX wg
,\'[4] r_i; e —)-—OXI]] 1
-1 N_ oint X[
\ w3 2 F X[k
1 | o oA
B —b——OXI?] ]

We can further break X[2r] into even and odd groups ...

Computation of DFT

Again, we can reduce the two-multiplication butterfly into one multiplication. Hence, the

computational complexity is bout ’;Iogz N - The in-place computation property holds if the

outputs are in bit-reversed order (when inputs are in the normal order).

NCTU EE
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x[1] p ] o X[4]
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x[5] R > e —o X[5]
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DSP (2020 Spring) Computation of DFT

< FFT for Composite N

-- Cooley-Tukey Algorithm: N = N, N,

0<n <N, -1
0<n,<N,-1
0<k, <N;-1
0<k,<N,-1

Time index : n=N,n, +n, {
Freg.index : k =k, + Nk, {

Remark: n <> (n,,n,) and k <> (k;,k,)
B Goal: Decompose N-point DFT into two stages:

N, -point DFT® N, -point DFT

N-1
X[kl=> x[nWy", 0<k<N-1
n=0
= X[kl + lez]
N,—1 N;-1
_ % N (kg +Ngk J(Nony 41 )
= Z ZX[Nan +n,]-Wy
n2:0 n]_:O
N,—1 N;-1
N,k kin ky{Nin N{NoKkon
— Z ZX[N2n1+n2]-WN2“ ,WN12 _WNl 12 _WNl 2KoMm
n,=0 n;=0 an kVn D
WNll WNZ 2 1
1 2
N,—1 | [ Ng-1

_ ki kiny kony
=0 || n=0 | twiddle
factor

N, -point

N, -point
B Procedure

(1) Compute N, -point DFT: (row transform)

Ny-1
G[n, k1= X X[N,n, +n,] 'Wlxll(inl
m=0

(2) Multiply twiddle factors:
CE[nz’ k] :Wrxll(lnz -G[n,, ki]

(3) Compute N, -point DFT: (column transform)

Np—1 _
X[k; + Nk, 1= > G[n,,k,] 'Wl\ll(:nz

nZ:O
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(Computation of N=15-point DFT by means of 3-point and 5-point DFTSs.)
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m Extension: N = N;N,---N

14

Let z2(N) = number of multiplications for N - point DFT
If N =N;N,
1. row transform : N, - u(N,)

2.twiddle factors:  N;N, =N
3.column transfrm: N, - z(N,)

p(N) =Ny - 2(N;) + Ny - z2(N;) +N

_ N(ﬂ(’\lN1)+ﬂf\lN2)+lj

In general,

u(N) = N(i"(“i)w—l)j
iz N
In fact, the term (1, —1) should be (v —% because rearranging the butterfly structure

would make half of the branches becoming “1”.

Special Case: N, =N, =---= N, =2

Radix-2: N, =N, =---=N, =2 and y =log, N
u(N) = N(v —1)2 multiplications because ,(2) requires no multiplications.
Radix-4: N, =N, =---=N, =4 and y =log, N

u(N) = N(v—% multiplications because ,,(4) requires no multiplications. This FFT

has fewer stages than Radix-2 ==> fewer multiplications.

w? owl w? wll [t 1 1 171 1 1 1]
W - w. w! w2 w2 |1 W, w2 ow? RERE R
WS owz ow owg | owg owd w2l -1 1 -1
W) ow2 owS owg|onowS oWl w1 -
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< Inverse FFT

m IDFT: 1Nz-1x[k]wkn *)

DFT: X[k = 3 x[n]- Wk

Hence, take the conjugate of (*):

X[n] = 1(Nzl><[k]-wgk”]

1N1

4——§:(X[k] Wk |

1N1

MRS
== DFT[x "(k)]
N
Take the conjugate of the above equation:

x[n] = (DFT[x )
=5 (FFT[x ()]

Thus, we can use the FFT algorithm to compute the inverse DFT.

< The Goertzel Algorithm

. 2r
_ J (=) Nk .
W N =e N =el?* =1

N-1

N-1
XIKI=W* ™ > x[rWy" = D x[rwg =
r=0

=0

—

If we define x[n] =0forn<0andn>N

and Ve[l = 3 XIFW, M 2uln — 1] = X[n] = (W, "u[n])

r=—00

~ X[Kl=yIn]_,

NCTU EE
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x[n] yiln]

Wy

1
H,(2) =
k —k _—
1-W*z™
If x[n] is complex, we need 4 real multiplications and 4 real additions to compute each

y«[n].
To compute yk[N], we need to compute yk[1], y«[2], ..., Yk[N-1].
= We need 4N real multiplications and 4N real additions to compute X[K].

Remarks:
> less efficient than the direct method.

: . . k
» Avoid the computation or storage of the coefficients WNn .

To reduce the number of multiplications,

H. (2)= 1-Wyz™ B 1-Wyz™
“ 1-W 2 HA-WEz ™) 1-2cos(2ak/N)z ™t + 272
N N
i‘[n] J'ﬁ-[’;i
2 cos [%) i H':‘\

1

If x[n] is complex, we only need 2 real multiplications and 4 real additions to implement

the poles of the system.
(The complex multiplication by —W,* needs not be performed at every iteration.)

= To compute X[K], we need 2N real multiplications and 4N real additions for the poles
and 4 real multiplications and 4 real additions for the zero.
Remarks:

: : . k
»  Avoid the computation or storage of the coefficients WNn .

> Only need to compute and save W, and cos(27k /N) .
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