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Transform Analysis of LTI Systems 

 
 Introduction 

 Frequency response of LTI systems 

 Linear constant-coefficient difference equations 

 Magnitude and phase 

 Minimum phase 

 Linear phase  

 An LTI system can completely be characterized in the time domain by its impulse response.  

(Note: assuming no initial conditions) 

Time:  ][*][][ nhnxny   

        z-transform: )()()( zHzXzY  ;      H(z) – System function 

Frequency response: )()()(  jjj eHeXeY   ;     )( jeH -- Frequency response;  

   Magnitude or gain: )( jeH  ,    

   Phase response or phase shift: )( jeH  

 

 

 Frequency Response of LTI Systems 
 Frequency-selective filters 
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Ideal highpass: 
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Remark: This definition includes the phase specification.  That is, zero phase for all 

frequencies.  Practical physical systems cannot achieve this specificaiton. In addition, it is 

non-causal and needs infinite input samples to compute the current output. They are not 

computationally realizable. Typically, the frequency-selective filters are referred to their 

magnitude specifications. 

Terms: lowpass, highpass, bandpass,bandstop, all-pass filters 

 

 Phase delay 
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 )(      ][][  

The output is a delayed version of the input. (The shape of the waveform is not changed.) 
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Linear phase: The phase repsonse is a linear function of    (passing through the origin). 

A frequency-selective filter with a linear phase is often acceptable and can be approximated 

by a practical system.  That is, 

Group delay: 

A convenient measure of the linearity of the phase. It is clear that for the ideal delay, 

dn)(  is a constant (independent of  ). 

Motivation: Narrow-band signals in communication systems 

Remark:  arg[H(.)]: continuous phase (|value| <   or >  ) 

                ARG[H(.)]: principal value (|value| <  ) 
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Example: 
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 Systems Characterized by Linear Con-

stant-coefficient Difference Equations 

Note: X(z) and Y(z) have overlapping regions of convergence. 

 

 Stability (BIBO) 

BIBO stable   iff  





n

nh |][|   (absolutely summable)  

 ROC contains  the unit circle. 

 

 Causality  

Causal   (right sequence)  iff   ROC: maxrz   

 

 Causal and Stable:  All poles are inside the unit circle.     

Example:  
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Remark:   Schur-Cohn Stability Test 

To test if all the roots of A(z) lie inside the unit circle. 
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 Inverse System:  

 

 

   1)()( zHzH i
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   Poles of  )(zH  Zeros of  )(zH i
;           Zeros of  )(zH  Poles of  )(zH i

 

)(zH i
 is causal and stable  if all the zeros of )(zH  are inside the unit circle. 

Minimum-phase:  both poles and zeros are inside the unit circle. 

 

 

 Impulse Response for Rational System Functions 

IIR (Infinite Impulse Response):  
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e.g. M = 7 

 

 

 Frequency Response for Rational System Functions 
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Log magnitude:  unit in decibels (dB) 
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 Problem? Phase ambiguity. The real filter phase is continuous and can be greater than   or 

smaller than - . However, the calculated phase is the principal value, 

                   )]([ARG jeH  

     Therefore, )(2)](ARG[)(  reHeH jj   where )(r  is an integer and can be 

a funciton of  .  How to find )(r ?  It can be rather complicated and we skip the 

details here. 

 However, the phase group delay is identical in both cases (except for the discontinuties of 

)]([ARG jeH ).  
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In general, 
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 A second-order IIR system (conjugate poles) 
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 A second-order FIR system (conjugate zeros) 
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 Relationship Between Magnitude and Phase 

 For rational system functions, there is some constraint between magnitude and phase. 

 Given the number of poles and zeros and the magnitude (phase) response, there are only a 

finite number of possible phase (magnitude) responses. 

 Example: Given magnitude (square), try to decide its phase. 
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If )(zH  is causal and stable, all its poles are inside the unit circle. 

Given )(zC , we may want to find a causal, stable and real )(zH . 
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Example: 

 

Possible zero patterns: z3 or z6   and  (z1,z2) or (z4,z5) 

 

If H(z) corresponds to a stable causal system  poles are p1, p2, and p3. 
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If the number of poles and zeros of H(z) is unspecified  infinite choices of H(z). 

 

 All-pass Systems 

 Magnitude = constant; all frequency components can pass through (but the phase is not 

linear). 
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 A general all-pass filter is a product of the first-order and second-order factors. 

General form:  
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 The phase of a stable and causal all-pass filter is non-positive.  

The group delay of a stable and causal all-pass system is non-negative.  
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 All-pass filters can be used as phase compensators. They are useful in transforming fre-

quency-selective low-pass filters into other frequency-selective form and in obtaining var-

iable-cutoff filters. 

Example:  
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Example:  

 

 

 Minimum-phase Systems 

 Minimum-phase system: 

H(z) and its inverse 1/H(z) are both causal and stable. 

 All poles and zeros are inside the unit circle. 

 Given a magnitude-squared function, H(z) is uniquely determined. 

 For any (stable, causal) rational system function )(zH , it can be expressed by 

)()()( min zHzHzH ap  

(Pf)  Suppose )(zH  has one zero (z =1/c*, where |c|<1) outside the unite circle (and the 

remaining poles and zeros are inside the unit circle). Then, 
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The above procedure can be extended to general cases. 
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 A use of minimum-phase system – frequency-response compensation 

                                                          

 

       

         

 

Design )(zH c
 such that )()()( zHzHzG cd   is desired. 
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Example: )25.11)(25.11)(9.01)(9.01()( 18.018.016.016.0   zezezezezH jjjj   
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)()()( min zHzHzH ap  

)8.01)(8.01)(9.01)(9.01()25.1()( 18.018.016.016.02

min

  zezezezezH jjjj 

 

 

)(min zH                                            )(zH ap  

         

 Properties 

 Minimum Phase-lag Property 

Why this type of systems is called “minimum phase”? 

Given the magnitude specification |)(| jeH  of a system, find the one that has the 

least phase-lag.  Minimum-phase system. 
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Thus,  valuenegative)]([arg)]([arg min   jj eHeH  

Hence, )(min zH  has the minimum phase-lag (less negative). 

Remark:  To ensure the minimum phase-lag property, (in addition to the pole and zero 

locations), 

       
0][)( 0  
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 Minimum Group-delay Property  

 

 

 

 Minimum Energy-delay Property  
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Define partial energy (of impulse response) to be 
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)(zH .  That is, it accumulates more energy up to n. 

Remarks: (1) Special case: for n=0, |]0[||]0[| minhh  . 

(2) Total energy is the same for all systems with the same magnitude response 

(Paseval’s theorem). 
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(3) Maximum-phase system: All its zeros are outside the unit circle. 

  Maximum energy-delay. 
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Example: 
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 Generalized Linear Phase Systems 
 For causal systems, zero phase is not attainable. 

 In many situations, it’s particularly desirable to design systems to have exactly or ap-

proximately linear phase. 

 Ideal Delay:  
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       Ex., Symmetry of h[n] in the ideal delay system: 
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We observe a symmetric property, ][]2[ nhnh  , for 2 = interger in the above 

linear-phase systems.  
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 Generalized Linear Phase 
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Essentially, this system has a constant group delay. 

 

 Symmetry property of a generalized system 
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Note: )( jeA  disappear! 

Cross-multiplying: 

 

eqn.(*),   ,0)sin(][

0)cos(sin)sin(cos ][

sin][)cos(cos][)sin(

















 

















n

n

n n

nnh

nnnh

nnhnnh

 

Remark: This is the necessary conditions of constant group delay.  That is, there is a 

constraint on the key parameters:  ,],[nh . 

There are many solutions that satisfy eqn.(*). 
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<Solution 1> 















][]2[

integer 2

or0

nhnh

M






 

To see this is a solution, we plug in. 
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Note:  We only require that h[n] satisfies a symmetric property. There is no constraint 

on the numerical values of h[n].    

   

Remark:  It can be shown that )( jeA  is even (and real). 

 

 <Solution 2> 

         






















































2
cos

22
sin

][]2[

integer 2

2

3
or

2
M

n
M

n

nhnh

M 











 

       Check if this is a valid solution. 

0

2
cos

2
cos][

2
cos][
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n

n

n
MM

nnh

M
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Remark:  It can be shown that )( jeA  is odd (and real). 

There are other possible solutions, for example, fractional delay. 
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 Causal Generalized Linear-phase Systems  

If a generalized linear-phase system is also causal, then eqn.(*) becomes 

 




   ,0)sin(][
0n

nnh  

Under this causal condition and ][]2[ nhnh  ,   

        Mnnnh    and  0,0][ . 

Note:  This is an FIR filter. 

More precisely, if the filter length is M+1 and  



 


otherwise

MnnMh
nh

,0

,0],[
][        (symmetric w.r.t. M/2) 

 Then, 
2/)()( Mjj

e

j eeAeH   , where )( j
e eA is real and even. 

If 

 



 


otherwise

MnnMh
nh

,0

,0],[
][    (anti-symmetric w.r.t. M/2) 

 then, 
2/2/)()(  jMjj

o

j eeAeH  , where )( j
o eA is real and odd. 

Remark: Nearly all linear-phase filters are FIR filters.  (There are special types of causal 

IIR filters that have generalized linear phase, but they cannot be implemented by 

difference equations)  The above two cases are the most common ones. 

 

 Four Types of Linear-phase FIR Filters  

  

odd 

][][IV. Type

even 

][][III. Type

integer) half a ,
2

(or   odd 

][][II. Type

integer)an  ,
2

(or even   

][][I. Type

M

nMhnh

M

nMhnh

M
M

nMhnh

M
M

nMhnh
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Type I  



 

                          even       is 

0       ][][

M

MnnMhnh
 

)cos][(][)(
2

0

2

0








 

M

k

M
jwM

n

jwnjw wkkaeenheH  

where ]
2

[]0[
M

ha  ,   and  
2

,...2,1      ],
2

[2][
M

kk
M

hka   

 

Type II 



 

                                  odd is 

0       ][][

M

MnnMhnh
 

))
2

1
(cos][()(

2

1

1

2 
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M
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jw kwkbeeH  

where 
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1
,...2,1      ],

2

1
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M
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M
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Type III  



 

                            even       is 

0       ][][

M

MnnMhnh
 

)sin][()(
2

1

2 






M

k

M
jw

jw wkkcjeeH  

where 
2

,...2,1      ],
2

[2][
M

kk
M
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Type IV  



 

                                   odd is 

0       ][][

M

MnnMhnh
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1
(sin(][()(
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M
kk

M
hkd  



DSP  (Spring, 2020)  Transform Analysis of LTI Systems                                                                                                                                                         

NCTU EE 27 

Example:  ( type I ) 

  

 

 

Example:  ( type II ) 

  

 

 



 


otherwise        0

4n0         1
][nh

)
2

sin(

)
2

5
sin(
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eeH wjjw 



 


otherwise        0
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][nh

)
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sin(

)3sin(
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w
eeH

wj
jw







DSP  (Spring, 2020)  Transform Analysis of LTI Systems                                                                                                                                                         

NCTU EE 28 

Example:  ( type III ) 

  

 

Example:  ( type IV ) 

  

 

 

]2[][][  nnnh  jwwjjw ewjeeH   ]sin2[1)( 2

]1[][][  nnnh  2]
2

sin2[1)(

w
j

jwjw e
w

jeeH
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 Zeros of FIR Linear Phase Systsems 

 Causal, stable, FIR systems  no non-zero poles 

 Zeros are conjugate pairs (because h[n] is real). 

 Zeros are conjugate reciprocals pairs (
1

00 , zz ). 

(Pf)  (A) Type I and II systems 

                    (k=M-n)    

 1

0
0

0

][

][

][)(




























zHz

zzkh

znMh

znhzH

M
Mk

Mk

M

n

n

M

n

n

 

If 0z  is a zero, i.e.,  0)( 0 zH  then 0)( 1
00  zHz M .  

That is, its reciprocal is a zero too. 

 

(B) Type III and IV systems 

                                      1)(  zHzzH M  

                       If 0z  is a zero, so does its reciprocal. 

 

 Type II (symmetry, odd)  zero at “-1” 

Type III (anti-symmetry, even)  zero at “1” and “-1” 

Type IV (anti-symmetry, odd)  zero at “1” 

(Pf) (A) Type I and II: 

                1)(  zHzzH M  

                          Let z=-1, )1()1()1(   HH M  

)1()1()1(  HH  

                          When M is odd, H(-1) must be 0. 

(B) Type III and IV: 

                           1)(  zHzzH M  
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Let z=1, )1()1( HH   H(1) must be 0. 

Let z=-1, )1()1()1(   HH M . 

When M is even, )1()1(  HH  must be 0. 

      Remark:  These constraints on the zeros are useful in designing FIR linear-phase systems. 

For example, for highpass systems, zero should not be at “-1”. 

 

 

 Any FIR linear-phase system can be expressed as follows: 

  
phase
max.

max

circle
unit

uc

phase
min.

min

phase
linear

)()()()( zHzHzHzH   

Because zeros are reciprocals,  1
minmax )(  zHzzH Mi , where Mi  is the number of 

zeros of )(min zH . 

Example:  

)8.01)(8.01)(9.01)(9.01()25.1()( 18.018.016.016.02

min

  zezezezezH jjjj   

)25.11)(25.11)(1111.11)(1111.11()9.0()( 18.018.016.016.02

max

  zezezezezH jjjj 
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)(min zH                                                   )(max zH  

 

)()()( maxmin zHzHzH   

  )(log40)(log20)(log20)(log20 min10max10min1010

jwjwjwjw eHeHeHeH   

i

jw

i

jwjwjwjw wMeHwMeHeHeHeH  ))(()()()()( minminmaxmin

 


