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Transform Analysis of LTI Systems

< Introduction

Frequency response of LTI systems

Linear constant-coefficient difference equations
Magnitude and phase

Minimum phase

Linear phase

An LTI system can completely be characterized in the time domain by its impulse response.
(Note: assuming no initial conditions)
Time: y[n] = x[n]*h[n]
z-transform: Y (z) = X(z)- H(2); H(z) — System function
Frequency response: Y (/) = X (e'”)-H(e!*) ;  H(e'®)-- Frequency response;
Magnitude or gain: ‘H(eiw)‘ ,
Phase response or phase shift: ~/H (e'”)

<> Frequency Response of LTI Systems

® Frequency-selective filters

Ideal lowpass: hlp[n] = M

1 |oko,
0, otherwise

HLP(ejw):{

AH (ejW)
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Ideal highpass: hhp [n] = 5[N] _M

. 1, o olkr
Hye (') = : < .|
0, otherwise
AH(ejW)
} } > \W
T -We Wec T

Remark: This definition includes the phase specification. That is, zero phase for all
frequencies. Practical physical systems cannot achieve this specificaiton. In addition, it is
non-causal and needs infinite input samples to compute the current output. They are not
computationally realizable. Typically, the frequency-selective filters are referred to their
magnitude specifications.

Terms: lowpass, highpass, bandpass,bandstop, all-pass filters

® Phase delay

hy[n]=6[n—ng] & Hy(e!”) =e '™

The output is a delayed version of the input. (The shape of the waveform is not changed.)

| Hig (ejw) =1
A|H(E™) t ZHE™)
| | > W : | > W
-t T - T
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Linear phase: The phase repsonse is a linear function of @ (passing through the origin).
A frequency-selective filter with a linear phase is often acceptable and can be approximated

by a practical system. That is,

- Jons oo
H ejw — € ' a)l i 2
) {O, otherwise

Group delay:

() = grd[H ()] = —{arglH (¢}

A convenient measure of the linearity of the phase. It is clear that for the ideal delay,
7(w) = n, is a constant (independent of @ ).

Motivation: Narrow-band signals in communication systems

Input:  x[n] = s[n]cos(ew,n)
System: /H(e'”)~—¢, —wn,
Output: y[n]=s[n—n,]cos(w,n—¢, —w,n,)

X (ejW) _ %S(ej(W+WO)) +%S(ej(W_WO))

Y (&) ~ L (el )eithm) | L g gt q i)
2 2

aX(e™)

=
-
!

-t -Wo Wo T
| ZH(E™)
gowna | na
> W

- -Wo Wo T

\/ (I)O'Wnd

Remark: arg[H(.)]: continuous phase (|value| < 77 or > 1)

ARGIH(.)]: principal value (Jvalue| <77 )
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Example:

(1-0.98e°%7z27")(1-0.98e %7z 4 (c,—z)(c, -27Y) \»

H(z) =( _ 1047 51v(1 _ "jodz o1 )EI( I\ )
(1-0.8e™""z7)(1—-0.8¢e z7) k' (l-cz)1-cz7)

Hy(2) H(2)

1 ' j j 4

0.8 |

0.6 1

E 04 1

T 02 :

£ 0 1

£ 02 ]

T 04 1

0.6 4

0.8 ]

_] ) ) ) ) 4

=1 0.5 0 0.5 1
Real Part

ARG[H(elw)]

4 I | ) 1 | I 1 | I
-7 087 -0.6w -047 -027 0 0.27 047 067 087 T
®
(a) Principle Value of Phase Response

60 ; T . ‘ .

-7 087 -06% -074 027 0 027 Od4ax  O6m 087 L

®

(b) Unwrapped Phase Response

150

erd[H(em)]

=50 ; L 1 i L 1 1
-7 087 -067 -047 -02% 0 0.2 047 067 087 T
@

(a) Group delay of f1(z)

|H(ei)|

o L i i I i i I i L
-7 =087 -067w -047 -02=% 0 027 047 067 08w w

@

(b) Magnitude of Frequency Response
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X,[n] =w[n]cos(0.27n)
X,[n]=w[n]cos(0.4mn -7z /2)
X;[n] = w[n]cos(0.87n + 7 / 5)

0.54-0.46cos(2n/M), 0<n<M
win] = 0

otherwise

Transform Analysis of LTI Systems

Input: X[n] = X;[n]+Xx,[n—M 1]+ X,[n-2M -2]

|
100

1 1
0 50 150 200 250 300
Sample number (n)
(a) Waveform of signal x[#n]
20 ! ; ' ; ' ! !
15 _ .......................... .................. .
S 10 e b T 1 REEEee i EESRE T £d SRR
X : :
5| i
0 L i H i
-7 -087 -067 -04m -027 0 027 047 067 087 T
[
(b) Magnitude of DTFT of x[n]
Output
Waveform of signal y[n]
2 T T T T
1 - -
1tk 4
-2 | 1 1 1 1
0 50 100 150 200 250 300
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+ Systems Characterized by Linear Con-

stant-coefficient Difference Equations

iaky[n—k] = ibkx[n—k]
iakz"‘Y(z) = ibkz"‘X(z)

Y@
X (2)

M
D bz
k=0

N
dazt

k=

[b_c)] lk:!(l—ckz’l)

H(z) =

N

H(l—dkz’l)

k=1

8

Note: X(z) and Y (z) have overlapping regions of convergence.

® Stability (BIBO)

BIBO stable iff i| h[n]| < oo (absolutely summable)

N=—o0

& ROC contains the unit circle.

® Causality
Causal (right sequence) iff ROC: ‘Z‘> lax

® Causal and Stable: All poles are inside the unit circle.

Example:

y[n]—gy[n—1]+ yIn—2] = x[n]
1

= H(z)= 1
(1—E zH@1-2z71
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Remark: Schur-Cohn Stability Test
To test if all the roots of A(z) lie inside the unit circle.
A(z)=1+a,z" +a,z % +---+a,z "
For A (z2)=1+a,()z " +a,(2)z° +---+a,(m)z™"
Define B (z2)=z"A, (z)=2z"+a, )z " +a,(2)z7™? +-.--+a,(m)
Set A (2) =A(z)
Ky =ay(N)

= A (2) = oD KBy (2) Mo N.N—L..1

1-K?2

where K, =a,(m)
If|K,|<1 for m=1,2,--,N

< all the roots of A(z) lie inside the unit circle.

Example:

Az(z):l—gzl—%z2 1

1 7
= B,(2)=—=--7"+1z"
,(2) > "2

Az(z)_Ksz(Z) _1_12—1

= Z) = =
A@) 1- K22 2
7
Kl = 'E
= unstable
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® Inverse System:

X(@) —] H(@) |—] H,@) |— x@
H(@H, () =1
%O

Poles of H(z) Zerosof H (z);  Zerosof H(z) Polesof H,(z)

H, (z) is causal and stable if all the zeros of H (z) are inside the unit circle.
Minimum-phase: both poles and zeros are inside the unit circle.

® Impulse Response for Rational System Functions
IR (Infinite Impulse Response):

M-N N
H(z)= Y Bz '+ A
r=0

k:]_l_ dk271

At least one nonero pole {d, } is not cancelled by zero.

A= 3 B0l - 11+ . A,(d,)uln].

Example:  y[n]—ay[n—1] = x[n]
1
1-az

H(z) =

-1

FIR (Finite Impulse Response):
M
H(z)=>bz™
k=0

No nonzero poles (All poles are at “0™).

M b, 0<n<M
h[n]=) bln—-k]=4 "
("] kZ::; oln k] {0 otherwise

Ex.

" 0<n<M
h[n]=12"
[n] {0, otherwise

1_gMHyM-1
1-az™

H(z) :ia“z‘” =
n=0

NCTU EE
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z, =ae’>™MP - k=01,...M

eg.M=7

Im z-plane

Re

M . .
Zbkeij( ~ bo
—jak

H (eja)) — N0 a_ N1
D ae °/T]a-de)
k=0 k=1

Log magnitude: unit in decibels (dB)

H

N .
- > 20log,, |1—-d,e|
k=1

M .
+ Y 20log,, |1-ce |

k=1

20log,, | H(e') |= 20log,,

Clearly, 20l0gy, | Y (e'*) |= 20l0g,, | H (e'”) | +2010g, | X (') |

Phase:
. b M . N .
ZH (') = 4[—°J + 24(1— ce ') - 24(1— d.e ')
) k=2 =)
Group delay:

- N d Mod
grd[H(e'*)]=) —(arg[l—d,e" ) =Y —(arg[Ll-c.e*“])
;da) kz;‘da) :
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® Problem? Phase ambiguity. The real filter phase is continuous and can be greater than 7z or

smaller than - 77 . However, the calculated phase is the principal value,
— 7 <ARG[H (e!)]<x

Therefore, /H (e'”) = ARG[H (e'”)]+ 27 - r(w) Where r() is an integer and can be
a funciton of @ . How to find r(w)? It can be rather complicated and we skip the
details here.
However, the phase group delay is identical in both cases (except for the discontinuties of

ARG[H (e/)]).
L {(ARGIH (e )]}~ {arglH "))

(0]

re 5.7 (a) Contir
it

rve it

multiples of 2 to be added 1o
ARG[H (/)] to obtain arg[ H (&"")]

® Single zero or pole

b 1 by 1-cz™ 1
H(z)= (> or % or c,(1-cz
(@) (ao)l—dz’l (ao)l—dz’l of )
; b 1 b, 1-ce™ ™ |
H (e = (=0 _ or (= _ Or c,(l—ce™™
%) (ao)l—de’JW (ao)l—de’JW o :

For the factor (1-re'%e ™)
20 |09m‘1— re"ge’jw‘ =10log,,[1+ r® — 2r cos(w—6)]
ARG[L—re/e ] = tan ‘[ =09) 4
1-rcos(w—6)

r’ —rcos(w—6)
1+r? —2rcos(w—6)

grd[L—rel%e ] =

NCTU EE 10
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Al e

Figure 5.8  Frequency resporsa for a single zero. with r = 0.9 and the thres
values of i shaw, (a) Log magniude. (b) Phase. ic) Group delay

H(z)=@-rez ) =2""
z

el _rel?

jw

H(e™)=

jw jo 7
1_rel? —jw‘: € —re _| 3|
[1-re%e — ||

Z(L-rel%e My =" —re)’)— L&M= LV, - LV, =¢, -

Im

z-plane
&3
U3
Uy Ly
-‘3 )
1]
Re
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In general,

N

M M
by H(l_ckzil) b H(Z_Ck)
O e (YT

N . = a,
[1a-d,z% [T(z-d,)
k=1 k=1
M )
o 1T .|
‘H(ej‘”) — [P0 k=1
N

[T’ —dy |
k-1

ZH(e) = 4[2‘;}%4(&” —ck)—iz(ej“’ —d)+(N-M)w
k=1 k=1

Example:

Radian frequency (a)
ih)
g ————— e e e
i A
N
‘-.\/_?
£ -4}
7
——— =l Ll
——— =)
Mt
r=s
—_—=l m I 1 =
1" " %
- Radian frequency (o)

i)

Figure 5.11 Frequency response for a single zero, with# = =, r = 1,089,07,
and 0.5. (a) Log magnitude. (b) Phase. (c) Group delay for r = 0.9, 0.7, and 0.5.
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® A second-order IR system (conjugate poles)
1
A-rel’zH@1-re 1927
1
A

ZH(E")=—2(' —rel?) - £(e)” —re7?)

H(z)=

HEe™)

Example:

Unit circle L -

® Asecond-order FIR system (conjugate zeros)

H(z)=1-retz)1-re ?z)=1-2rcos@* +r?z?

NCTU EE
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< Relationship Between Magnitude and Phase

® For rational system functions, there is some constraint between magnitude and phase.
® Given the number of poles and zeros and the magnitude (phase) response, there are only a
finite number of possible phase (magnitude) responses.

® Example: Given magnitude (square), try to decide its phase.

HE"™) =HE")H E")
=H(z)H*(1*j
z z=el®
by H(l ¢,z ) b H(l C,2)
H(Z)=( )kNl H (*j (Oj kN:1
ST a-d.z?) £/ &I a-d;2)

=
1
iN

k=1

(because (1-c,z)*=(1-c, *(zH)*) = L-¢, *2) forz - (z%) ")

Let

C(z)= H(z)H*(l*j = (bo
z

zH(l ¢zt H(l C.2)
J —d z’l)H(l d,z)

2N

7:2 Il

For each pole d, of H(z) ==>poles d, and (d,)™ of C(z)
For each pole C, of H(z) ==>poles C, and (c;) ™" of C(2)

A

H1(Z)
x ; wzn
Ha(2)

X Ha(2)*

If H(z) is causal and stable, all its poles are inside the unit circle.

Given C(z), we may want to find a causal, stable and real H (z).

NCTU EE 14
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Example:

o=plane

Possible zero patterns: zs or ze and (z1,z2) or (z4,zs)

If H(z) corresponds to a stable causal system = poles are pa, p2, and pas.

Given Ha(z),

-1 *
—a
-1

let H(z) = H,(2) i_az

then |H(z)" =|H,(2)’

If the number of poles and zeros of H(z) is unspecified = infinite choices of H(z).

< All-pass Systems

e Magnitude = constant; all frequency components can pass through (but the phase is not

linear).
, 1
P - :
Hyo(2)=2—2 - _q*_ 8% pole: a1
ap 1
1-az Z-a zero:
a
o €17 -a’
Hyp (€)= —
1-ae™’ _
e 1-ae’
1—ae

Im

LD,
o

| H,,(e'”) |= constant

Fora =rel?, “jo _ pa-i0 SV
L|:ere:| — _a)_zarctan|:rsm(a)9):|

1-relle i 1-rcos(w — 0)

NCTU EE 15
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A general all-pass filter is a product of the first-order and second-order factors.

General form: y_(z) = AHl : Z_ll—[((lzek—zek;g ekz‘l))

o Im
Unit B z-plane

e The phase of a stable and causal all-pass filter is non-positive.
The group delay of a stable and causal all-pass system is non-negative.

ej”—re"g}_ 1-r? 1

Pf) Fora=rel?, rd | = = 7 2
(PN d L—re’ge‘“" 1+r°=2rcos(w—0) |1-refe )|

arg[H,, ()] = ~[" grd[H,, (e¥)ldg +arg[H,, ()] <0, for O< w < 7

1-
Hap(ejo) AH H| ek| _

1 [1- k|

o All-pass filters can be used as phase compensators. They are useful in transforming fre-

quency-selective low-pass filters into other frequency-selective form and in obtaining var-

iable-cutoff filters.

+-09 .
- H,(2)= Solid Line
Example: »()=1"09,7
-1
H, ()= 2 0% Dashed Line
P 14092

NCTU EE
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Example:

-iZ iZ
(z'-0.9e 4)(z"-0.9e*)
Hy(2) = -

(1-0.9¢'*7%)(1-0.9¢ 21

< Minimum-phase Systems

e Minimum-phase system:
H(z) and its inverse 1/H(z) are both causal and stable.

=>» All poles and zeros are inside the unit circle.
=>» Given a magnitude-squared function, H(z) is uniquely determined.
e For any (stable, causal) rational system function H(z), it can be expressed by
H(z)=H,(2)-H,(2)
(Pf) Suppose H(z) has one zero (z =1/c*, where |c[<1) outside the unite circle (and the
remaining poles and zeros are inside the unit circle). Then,

H(z)=H,(z)(z" ~¢¥)

7t —c*
1-czt

—H,(@)A-cz?)

Note: H,(z)1-cz?) is minimum phase.
The above procedure can be extended to general cases.

NCTU EE
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e Ause of minimum-phase system — frequency-response compensation

Distorting System | Sq[n] | Compensating System
H,(2) H (2)

Design H_(z) such that G(z) = H, (z)- H(z) is desired.
For example, if we wish G(z) = H 4 (z) - H.(z) = const

Let Hd(z) = Hdmin(z)'Hap(Z)’

then choose H. (2) = 1 instead.
¢ Hdmin(z)
G(z)=H,(2)H.(2)=H,,(2)
= |G(z)|=1

£G(e™)=2H, (™)

Example: H(z)=(1-0.9¢/*%7z7")(1-0.9e %7z )(1-1.25¢ %%z ") (1-1.25e %87z 1)

<

NCTU EE
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H (Z) =H min (Z)H ap (Z)
H.. (2)=(125)%@1-0.9ez")(1-0.9e %z ")(1-0.8¢"°%z7")(1- 0.8 1*¥z ")

_ (z7'-0.8e71%%7)(z - 0.8e'%%7)
(1-0.8e %8771 (1 0.8e1°%"7 )

Hap(z)

Hmin(z) Hap (Z)

e Properties
B Minimum Phase-lag Property
Why this type of systems is called “minimum phase”?
Given the magnitude specification | H (e j“’) | of a system, find the one that has the

least phase-lag. = Minimum-phase system.

(Pf) H (Z) =H d min (Z) -H ap (Z)

arg[H (e )] =arg[H ;, (e'*)] +arg[H , (e')]

It was shown that for allpass filters, arg[H a0 (eiw)] <0,0<w< .

NCTU EE 19
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Thus, arg[H (e'“)] =arg[H,,. (¢'”)]+ negativevalue
Hence, H;, () has the minimum phase-lag (less negative).
Remark: To ensure the minimum phase-lag property, (in addition to the pole and zero

locations),

H(e®)= S hin]>0

B Minimum Group-delay Property

grd[H(e”“ )] = grd[.‘r‘mm(e L )]+ grd[HJp(e e )] O<wsrx
o gl <grdli@)]
B Minimum Energy-delay Property
Same |H(e!”)| > Different H(z) (differ in phase)
(H(z) < h[n])

Define partial energy (of impulse response) to be

Efn = X i

Then the minimum-phase system H . (z)has the largest E[n] among all possible
H(z). Thatis, it accumulates more energy up to n.
Remarks: (1) Special case: for n=0, | h[0]|<] h,.;,[0]]-
(2) Total energy is the same for all systems with the same magnitude response

(Paseval’s theorem).

S8 = 1 o= 2 oo o= St

(3) Maximum-phase system: All its zeros are outside the unit circle.

= Maximum energy-delay.

NCTU EE 20
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Example:

Transform Analysis of LTI Systems

Unit Am Unit dm
eircle | z-plane cirele, o seplane
L o
o
—t-
Fourth- fie e
o order
B pale o
(E1] ib)
Unit dm Unit m
circle o z-plane z-plane
— !
\ Fourin | e { e
o order
pole o pole .
o | Figure 5.30 Four systems, all having
P . the same frequency-response
| i Zeros are at all
of 0.9e* /257 and 0.8e*/"" and their
i) [E1] reciprocals.
[ATN
im
i
v
150
l rl Kl
. — —
2 1 i | 2 3 4 [ "
tal
Iyl
13y nlt]
28
eA L
156
r:sl l
-2 -1 1} | ¥ 3 i 4 5 L "
(L]
L) heln]
251 258
l' = ] Lix
——
3 W | 2 3 6
wh
150 Iyl
238 231
[I (T | 126
—— | - .

ed 1 ] 1 g 3 4 " "
Figure 5.31 Sequences correspanding
[0} to the pole-zero plots of Figure 5.30.
30
&
5 w0
z — E_[n] iminimum phase)
;:,-; seeeeees Ey o] (maximum phase)
= .
—-— E ]
=== Eln]
1 L L
3 4 5 n
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< Generalized Linear Phase Systems
B For causal systems, zero phase is not attainable.
= In many situations, it’s particularly desirable to design systems to have exactly or ap-
proximately linear phase.
Ha@“)=e" o hyln]=6[n-a]

‘Hid(ejw)‘zl

W Ideal Delay:
{ o grd[Hid(ej‘”)]:a

‘e—jwa

o<

H(e")=|H(e")
‘H(ej“’)‘zany

B Linear phase

ZH(e'”) = -wa, «:canbenon -integer
Ex., Symmetry of h[n] in the ideal delay system:

Hy (1) = {em’ o] < o

0, otherwise
sinfo, (n—a)]
|’-]Ip[n] = .
z(n—a)
M.
i .f".l l\" 4
=N 97
. ! !!"'\
1. a=integer IR
honl:even  (h2a-nl=h[n]) oo/ e
: 1 -
2. a= mteger+§
h,[n]:even (h[2a —n] = h[n])
3. Othewise, " /I
no symmetry o AN P

Figure 5.32 Ideal lowpass filter impulse responses. with a, = 0.4, (2) Dek
o = 5. (b) Delay = o == 4.5. (c) Dala ¥

We observe a symmetric property, h[2a — n] = h[n], for 2a = interger in the above

linear-phase systems.

NCTU EE
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B Generalized Linear Phase
H(el*) = A@e!”)-e 1+, B :real constants

A(e’®) :real but can be negative
Specialcase: =0 — linear phase

Group delay : 7(®) = g_rd[H (ej”’)] =
Phase : arg H(e’“’)]:ﬂ—aa), O<w<rm

Essentially, this system has a constant group delay.

B Symmetry property of a generalized system
H (e J'w) = Ae jw)ej(ﬁ*an)
= A(e'”) cos(B — aw) — jA(e”)sin(B - aw)
On the other hand,

H(e™”)= S h[nle = Y h[n]cosen— j > h[n]sinen

tan(fB — aw) = sin(f — aw) _ N n_Z:wh[n]Sin wn
stz ae) i h[n]coswn

Note: A(e’”) disappear!

Cross-multiplying:

sin(f — aw) - i h[n]coswn =—cos(f — aw) - ih[n]sina)n

ih[n]{ COSonSin(f — aw) +sin oncos(f — aw)} =0

N=—o0

ih[n]sin(a)n—a)a+ﬂ):0, Vo, eqn.(*)

N=—00

Remark: This is the necessary conditions of constant group delay. That is, there is a
constraint on the key parameters: h[n],«, S .

There are many solutions that satisfy egn.(*).

NCTU EE
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<Solution 1>
p=0orr
2a =M =integer
h[2a —n] = h[n]

To see this is a solution, we plug in.

If o is integer,

n=—-+1

1) £ ol -+

Note: We only require that h[n] satisfies a symmetric property. There is no constraint

on the numerical values of h[n].
Remark: It can be shown that A(e'®) is even (and real).

<Solution 2>

T 3r
=—or—
P 2 2

200 =M =integer = sin(a{n—MJJFZJ:cos(a)(n—MD
2 2 2

h[2a —n] = —h[n]

Check if this is a valid solution.

£ v ofn-
- ol ) 31

n:7+1
=0
Remark: It can be shown that A(€'”) is odd (and real).

There are other possible solutions, for example, fractional delay.

NCTU EE 24
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B Causal Generalized Linear-phase Systems
If a generalized linear-phase system is also causal, then egn.(*) becomes

i h[n]sin(on —wa + f)=0, Vo

n=0
Under this causal condition and h[2a — n] = h[n],

h[n]=0, n<0and n>M .

Note: This is an FIR filter.
More precisely, if the filter length is M+1 and

h[n]:{h[M -n], 0<n<M,

) symmetric w.r.t. M/2
0, otherwise (sy )

Then, H(e') = A (e'")e "'? \where A (e')is real and even.
If

h[n] =4~ h[M —n], 0<n<M, (@nti-symmetric w.r.t. M/2)
0, otherwise

then, H(e'?) = A (e’*)e "M/17'2 ‘\where A (e'”) is real and odd.
Remark: Nearly all linear-phase filters are FIR filters. (There are special types of causal
IR filters that have generalized linear phase, but they cannot be implemented by

difference equations) The above two cases are the most common ones.

B Four Types of Linear-phase FIR Filters

Typel.  hin]=h[M —n] e

M even (or%,aninteger) ) ] [ 1] [[ )
Typell. h[n]=h[M —n]

M odd (or%,a half integer) |

Typelll. h[n]=—-h[M —n] ] '-
M even
TypelV. hin]=-h[M —n] T s e
3 l " oven, ol = 1M .I_r_-]._r__:‘n"lypé I, M
M Odd 1 ) 0 f nM 1), (€) Type I, M

= —h{M — n]. (d) Type IV, M
M - n]
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Type |

h[n]=h[M —-n] 0<n<M
M iseven

H(e™) = i h[n]e " = e_jw% (ZZ: a[k]coswk)

where a[0]=h[%], and a[k]=2h[%—k],

;\_
Il
‘!_\
n

Type I

h[n]=h[M -n] 0<n<M
M is odd

M +1

. M

He™)=e ™2 (3 b[K]cosw(k —%))

M +1—k], K=12... M +1

where b[k] = 2h[ 5 5

Type 11

h[n]=-h[M —n] 0<n<M
M iseven

HEM) = jo ™2 (" clk]sin wk)

M M
where c[K] = 2h[7— k], Kk =1,2,...?

Type IV

h[n]=-h[M —n] 0<n<M
M isodd

9] dTKIsin(w(k ~2))

M2+1—|<], k=12, M+l

. M
— Wi
2

H(e") = je :

where d[k]=2h[
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Example: (typel)

. 5w
h[n] 1 0<n<4 el " sm(7)
— : W — Al
0 otherwise (e%)=e . W
sin(-—)
2
Example: (typell) ;
- -izw sin(3w)
1 0<n<5 He")=e 2 ———=
h[n] = ] = W
0  otherwise sm(E)

§

Radhian frequency (o)

3]

Radian frequency (w)
ch
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Example: (type )

h[n]=6[n]-6n-2] = H(eM)=1-e71?" = j[2sinw]e "

24}
kS
= 16
E
=
0 L
0 = ix -
Radian frequency (w) 2
(a)
3
15
2
15
0 1 L
0 P = iz
7 Radian frequency {w) 2
(L]
20
15
T
05
ol 1 1
0 T 3z

Radian frequency {u)
(€}

Example: (type V)

hin]=6[n]-o[n-1] = He™)=1-¢ " = j[2$ing]e12

Amplitude

15
£ 0
2
15
300 L L !
0 " v iw 2r
Radian frequency (w) 2
(b}
20
15
S0
05
o L L !
[ .4 iz 2

.
Radian frequency {w)

NCTU EE 28



DSP (Spring, 2015) Transform Analysis of LTI Systems

e Zeros of FIR Linear Phase Systsems
B Causal, stable, FIR systems =» no non-zero poles
B Zeros are conjugate pairs (because h[n] is real).
W Zeros are conjugate reciprocals pairs (Z, Zal).
(Pf) (A) Type I and Il systems
H(z) = ih[n]- 2"

n

> h[M —n]-z""

0

(k=M-n)

=}

=0
M
-
> h[k]-z¥z 7
k=M
=z VH(z?)
If Z, isazero,i.e, H(z,)=0 then z;" H(z,") =0.

That is, its reciprocal is a zero too.

(B) Type Il and IV systems

H(z)=-z"H(z?)

If Z, is a zero, so does its reciprocal.

B Type Il (symmetry, odd) =» zero at “-1”
Type 111 (anti-symmetry, even) =» zero at “1” and “-1”
Type IV (anti-symmetry, odd) =» zero at “1”
(PT) (A) Type I and II:
H(z)=zM H(z‘l)
Letz=-1, H(-1) = () ™ H(-])
H(-1) = (-DH(-D)
When M is odd, H(-1) must be 0.
(B) Type Il and IV:

H(z)=-z"H(z?)
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Letz=1, H(1) = —H (1) = H(1) must be 0.
Letz=-1, H(-1) = —(-1) M H(-)).
When M is even, H (1) = —H (-1) must be 0.

Remark: These constraints on the zeros are useful in designing FIR linear-phase systems.

For example, for highpass systems, zero should not be at “-1”.

F"‘]l Im z-plane l"ml Im z-plane
circle circle

" Y

Re

NUEZ N

(b

Unit ¢ T Unit
m‘r‘c‘] ° * pl circle z-plane
YRS ?f
o <
e & |
Re Re
° 7
(c) (d)

Figure 5.38 Typical plots of zeros for linear-phase systems. (a) Type . (b) Type
I1. (c} Type III. (d) Type IV.

B Any FIR linear-phase system can be expressed as follows:

H(z)=H,,,(2)-H,(2)-H,.,(2)

linear min. unit max.
phase phase circle phase

Because zeros are reciprocals, H__ (z)=z""H_ (zfl), where M1 is the number of
zerosof H . (2).

Example:
H..(2)=(125%1-0.9e*z")(1-0.9e %z )(1-0.8¢°*z")(1-0.8e **z ")

H . (2)=(0.9°(1-1.1111e"°*z ") (1-1.1111e ** 27 ")(1 - 1.25¢°* 2 ") (1 - 1.25¢ 1**7z ")

NCTU EE 30



DSP (Spring, 2015)

Transform Analysis of LTI Systems

30 »
15 Br
z o e
15 1
. N
L L 1 30
- equency (w) -
(a)
. 4
B
5 0 g0
E e
B L i J -~
= 3= = 1]
“ Radian frequency (w) -
(b}
150 150
15
'E_ B W i 1}
75 i
15.0 - .

H (Z) =H min (Z)H max (Z)

= 2010g,5|H (e™)| = 20109 5|H nyy (€™)[ + 2010g;|[H 1, (6™)| = 4010g,|H 1y ()

AH (ejw) =4H min(ejw) +4Hmax(ejw) =ZHmin

(€M) + (-WwM; — ZH (™)) = —wM,

0
a.\/\/
R
3
4 1 L
= in
Rad 1 i °
1 1
= r
Radian frequency (w)
(b
“‘
i
;,‘ L 1 ‘
o - i 1=
T
Risdian froquency |
€
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