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Bandlimited White Noise

“White” ~ flat spectrum

1

—N,, flI<B
psd =S(f)=<52 ° ‘ .

0, otherwise

R(z) = BN sinc(2Br).

e White Noise: B —»> o, = R(7) > %5(7).

Therefore, the samples of n(t) are uncorrelated.
Rn (tvtz) =Mm, (tl)mn (tz) =Mm,-m,.
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PAM with Random Delay
X =3 apt—kT -A).

K=—c0

Assumptions:
a,.: WSS random process with E[a, ]=0
E[a,a.,] =R, adeterministic sequence of m.
A: random delay, uniformly distributed over (-T / 2,T / 2).

Mean of X(t): E[X(1)] = i E[a JE[p(t—KkT —A)]=0.

k=—o0
sampled doAfm_ N
Wata sepuence) € Qeptt-KT) a

£=-™ ‘
..-}‘1 161Q}a!,. .
" Y N Fifter s’ Rowmdom o
S A ] delay 4




The autocorrelation function of X(t):

R, (z) = E[X ()X (t+7)] = E{Zakp(t KT — A)Za p(t+7—iT —A)}

k=—o0

—E{Zakp(t KT — A)Zak+mp(t+r (K+m)T —A)}
“E{Y Y aa,., plt—KT —A)p(t+7—(k+m)T —A)}

o0 o0

= > > E{aa, JE{pt—KT —=A)p(t+7—(k+m)T —A)}

k=—00 m=—0

/pdfofAl

—ZR Zj  P(L=KT = A)p(t+7—(k+mT —A)- o
t—(k+ d ittt |
-3 R fkk__; p(U)p(u+7-mT) Y. [Letu=t-KT -A;

(Continue on next page.)
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If Z j 2 p)p(u +r—mT)_?du converges, it Is independent
of t. That is, the result is the same as t = 0.

R ()= 3 R, Tiji p(U)p(U+7 —mT)du

M=—o0

= Z Rmr(r—mT) | T | T | T
M=—o0 t—(k+3)T t—(k=3)T

= Y R,r(z+mT) (R.=R_)

=R ®r(7). (discrete convolution)

T/2

where r(7) = %j_m p(u) p(u+z)du is the autocorrelation

function of the pulse function p(t).
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>t

A I

T
e Case | : Binary random waveform (memoryless)
. A> m=0 .
a =*A withR = d . (1.1.d. binary sequence)
0 m=0

p(t)zn(l). (unit pulse)

1 t+7 t+7
(ORI H( TT(——)dt = j_ H(—)dt—A( )
R, (r)=R_ ®A(?) = A’5(m) ®A(?) = AZA(?).
= S, (f) = AT -sinc®(fT).
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e Case Il: Correlated message (with memory)
a, = g,A +9d,A_;, where g, and g, are constants and A_ Is a sequence
A, m=0

=R, (m).
0, m=0 A(m)

of random variables that A, = +=A and E[A A ., ]1= {

o(t) = H(%). (unit pulse)

Ry = Elaa,m] == E[(9oA + 0:AC) (90 A + 91 AGm1)]

= E[9oA A + Ir A LA n TG00 A A n T 900 A ALL]
= goRA(M) + g/ R, (M) + go0;R, (M —1) + g,9,R, (M +1)
(ge+97)-A*, m=0

= R_=1{9,9,A% m = +1
0, otherwise
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T

Ry (7) =R, ®A( ") = AZ{(go+g1)A( )+ 9 91[/\(

= S, (f)=AT -Sinc (fT){(ge +9; + 9091[6"2’”” + e‘z””]}-
Ifg,=9,=1, =S, (f)=4AT -sinc’*(fT)cos’(z fT).

=Tz, =0]] r-"TTTTTTTTo-ssms—o—ee

] . Compare different g,

| I
al 1 :
wl /\ i 1and g, values. :

-3 -4 -3 -2 -1 0 1 2 3 4 5

SXl(f)’ W/HZ

1 1 1
g0 =0.707; g, = 0.707 |_

S0P, Witz

-5 -4 -3 -2 -1 0 1 2 3 4 5

Sx3(), WiHz
=
Lh [a—
T T
|
[ |

Figure 6.6
Power spectra of binary-valued waveforms. (a) Case in which there is no memory. (b) Case in which there

is reinforcing memory between adjacent pulses.(c) Case where the memory between adjacent pulses is 9
antipodal.



Function Time waveform Autocorrelation function Power spectral density Probability density function
+A +4 2’. ']"__l . * %
fe—T— 2T (A412) (A12)
1. Sine wave \ /\ /\ T 1
t ' VAR VAR 0 =
2
-A -A, lr -4 0 +4
+4 |4—-T-».-1 +A2<_T_>i * ! ! %
|
3
2. Square wave 0 -, 0\ /\ /\ T / r (1/2)f t(”z)
) L \/ V ' N hos e
- -A? . QT 3T SIT T ~A 0 +4
T * . A
AT aarf T | PR (1=aimyy
3, Rﬁlctangulur 0] " " A 1 t '\r t ‘(A/T)
ulse - H
I Hhea f of T ~=L 0 Romencf 0 +A
- |24 1/a
Y =T Parabolic e
+A4 fo—T— +4 f3\ /\ /s:::wntl : \\ °
4. Triangular e \AVAAVARE rol Al I [ 1]
- ' s o T e
A -A%, 017 3T 5/7... ~A 0 +4
+4 peT~ +A 2/3 7 :,:::;2(:5“ * %
5. Sawtooth 0747'474};'1 0'%7 //f }\}\
' P ) i A I _]
-A ~A%, 0 —A 0 +4
/T
(n/2) * %
6. White
gaussian 0 T n/2 /\
noise 0 5
. * & %
7. Bund-limited nB &) /2
white gaussian T
: 0 | 1 /\
noise ~—| i——l/b’ : -
0 B -
-8 0 nf=A_

Figtire 8.19 Autocorrelation, spectra, and probability densities for some commonly used waveforms (* = time, ** = statistical).




Linear Systems and RP

X(t) = X(t,0) N H > Y(1) = Y(t,9)

System without memory: ar.v.—» ar.v.

System with memory: correlated outputs

Now, we study only the statistics between inputs and
outputs, e.g., my(t), Ry(7), ...

Assume X(t) stationary (or WSS at least) and H(-) Is
LTI.
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e Mean of Output Y/(t):
m, (1) = E.[Y )] = E.[[  h(u)X (t—u)du]

= [ h(u)-E[X(t-u)ldu = m, -H(0)

e Cross - correlation Function:

Ry (7) = EIX ()Y (t+7)] = E[X(®)[_ h(u)X (t+ 7 —u)du]

= [ hEIX @)X (t+7-u)]du= [ h(u)Ry (z —u)du.

= Ry (7) =h(z) R, (7).
= Sy (1) =H(T)S,(T).
* Ry (7) =Ry (=7) =h(-7)* R, (—7) = h(-7) * R, (7).

Six (1) =S, (=) =H(=1)S, () =H"(f)S, ().
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o Autocorrelation Function of Output:

R, (7) =E[Y ()Y (t+7)] = E[Y (t){h(t) * X(t + 7)}]
— E[Y(t)jjoh(u)X(tJrr—u)du] :_Coh(u)E[Y(t)X(tJrr—u)]du

= [ h(U)Ry (z—u)du =h(z) *Ry ().

Ry (7) =h(7) *Ryx () = h(z) *h(-7) * R, (7).

Sy (F)=H(F)H(£)S, () =|H(F)] S, (f).

e Remarks: (1) If X (t) 1s WSS and h(t) is LTI (no initial condition),

= Y (t) is WSS too.

(2) So far, we only consider 2nd order statistics (mean, correlation).
In general, given the joint pdf of X (t), it is very difficult to find
the joint pdf of Y (t). But if X (t) is jointly Gaussian, then Y (t) is
also jointly Gaussian and thus is completely characterized by
mean and correlation functions.



Gaussian Random Process

Gaussian Random Process: X(t) has joint Gaussian pdf (of all
orders).

» Special Case 1: Stationary Gaussian random process
Mean = m,; auto-correlation = R,( 7).

» Special Case 2: White Gaussian random process
Ry (t;,t,) = At;-1,) = A7) and Sy(f) = 1 (constant).

White = correlation in time

Gaussian (or Lapacian,...) = pdf on magnitude
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Response due to Gaussian Input

e Show that If X (t) Is stationary Gaussian, so is Y (t).
Case I: X(t) Is white ( = independent random variables).

Y (t) = h(t) * X (t) = _‘:X(r)h(t—f)dr

= AI@O k; X(KA7)-h(t—kA7)AT
= weighted sum of Gaussian random variables.
. Y (t) has a 1st-order Gaussian distribution. Similarly, the higher
order joint pdf of Y (t) is jointly Gaussian.
For example, n =2, time =t,,t,

f, (V2 V) = y (¥, 1 v2) F, (¥) (would be jointly Gaussian).
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z(1)
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hy (1)
H, (f)

x(1)

(White and
Gaussian)

(Nonwhite and
Gaussian)

h(t)
H(f)

e
y(D)

—)

Figure 6.7
Cascade of two linear systems with
Gaussian input.

e Case Il: x(t) 1s Gaussian but not white (more realistic case).

Claim: x(t) is produced by passing a white Gaussian random process
through h, (t).

Then, define h,(t) = h,(t) *h(t), we have y(t) =h,(t) * Z(t).

— Back to Case I. Therefore, y(t) is stationary Gaussian.

e Note: We often use lower-case letters (x and y instead of X and Y)
for denoting random processes. You need to judge by the context
whether it Is a deterministic signal or a random process.
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Properties of Gaussian Processes

(1) X(t) Gaussian, H(-) stable, linear = Y(t) Gaussian.
(2) X(t) Gaussian and WSS = X(t) is SSS.

(3) Samples of a Gaussian process, X(t,), X(t,), ..., are uncorrelated =
They are independent.

(4) Samples of a Gaussian process, X(t,), X(t,), ..., have a joint
Gaussian pdf specified completely by the set of means and auto-

covariance function.  E[(X(t;)=my )(X(t)=my )]
Remarks: Why do we use Gaussian model?
e Easy to analyze.

e Central Limit Theorem: Many “independent” events combined
together become a Gaussian random variable (random process).
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Ex: RC Filter with White Gaussian Input

Input: white Gaussian and zero-mean with S, (f) = %

1+ jZﬂfRC 1+ J/

where f,=3 dB cutoff frequency =

Filter: H(f) =

zch'
Output: S, (f)=S, (f):|H(F)f =
2 1 / )
I
R, (2')=—|\IO e RC,
° ARC
R Figure 6.8
° Wy T A lowpass RC filter with a white-noise
input.

C~> n{1) C_—— ny(n)

0—o0

o



Ng

Output power: n’(t) = o?> = R_(0) = .
e Output p o () =0, =R, (0) 1RC

Ng

No J‘OO dx

Another approach: n; (t) = _‘m S, (1)df = 2 7RC 0
—o0 T

Mean: n,(t) =0-H(0) =0.

Another approach: (n (t)) = I|m R, (z) =0.

T—)OO

_2RCy?
I\IO

1
7N,
2RC

e

The first-order pdf: f,_(y,t) =

e Note: R(z) does not "completely" describes the behaviour of

a random Process.
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Noise Equivalent Bandwidth

Q: What is the bandwidth of an ideal fictitious filter that has the
same mid-band gain as H(f) and that passes the same noise
power?

Figure 6.9 |H( )2

Comparison between |H(f)|* and an
_HOZ ______
/\ j \-»

idealized approximation.
0 !

Noise — equivalent bandwidth of H (f ): B, = %J‘:\H (f )\2 df
0

where H, is the midband (maximum) gain.
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Average Power Average Power
Pnoz_[_i%\H(f)fdf PnO:%BN-Z-HOZ
:jow‘H(f)‘zdf-No :NOBNH(?

® If the target system is a lowpass filter with maximum
gain at f=0, then we have the following relationships.

_[_Z‘H (f )‘2 df = I:‘h(t)\z dt Rayleigh's Theorem

H, = j:h(t)dt

1 1 [ h@f
:>BN=FL\H(f)\2df =—L°| |
0

24] heydty’ —
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Narrowband Noise

Usage: BP noise (signal)

¥,

Interpretation: A baseband random process is shifted to
a higher frequency.

n(t) = R(t)cos2z f,t, R(t):RP;cos(): carrier
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However, a bandpass random signal can have a random phase:
n(t) = R(t) cos(2x f,t + ¢(t)).
In general, if we allow a time-invariant phase bias &, then
(Envelope - phase representation)

n(t) = R(t) cos(w,t + ¢(t) + )
or (Quadrature - component representation)

n(t) =n.(t) cos(a,t + &) — n (t)sin(w,t + 6)

: n.(t
with R(t) = y/n?(t) + n2(t) and g(t) = tan*( 88).
nC
" i= =B o Egt;;?c:l‘ Llnowband noise

__________
-
-

PRty o v S A WY & NN waveform.
e /'\ h‘ _ /ﬂ/ /\ /\ ~R(D
\ ;
'\\ ~
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LPE:  H(f) Figure 6.12

T The operations involved in
? Z o 1/ n ) producing n.(¢) and n(t).
- 3B 5B
2 2

2 cos (wyt +6)

1) ——a—
—2 sin (@t + 0)

LPF: H(f)

| | 7 — 11(1)

1 0 1
—- 3B 7B

e How to produce n_(t) and n_(t):

n(t) U n_(t)cos(w,t + 8) —n (t)sin(w,t + )
([l In mean-square sense)

Remarks: Here, we assume (initial phase) @ is a random variable,
Independent of n(t), uniformly distributed over (0,2x) or (-7, 7).
If & is nota random variable, z,(t) and z,(t) are not WSS. We
cannot use LTI theory to predict the outputs of LPF's.
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Quadrature-Component Representation

(1) n(t) = n_(t) = n (t) = 0.
Proof: (i) Let X (t) = n(t) — n(t).

Ry (7) = E[X ()X (t+ 7)1 = (n(t) - n(®))(n(t+7) - n(t+ 7))
=n(t)n(t+z)+nt)-n(t+z)—n()-nt+z)—n() -n(t+7)
=R, () - (n(1)*. (- WSS)

Sx(f=0)=[" Ry(r)dz =] [R,(r)-(n(t))’ldz

=8,(0)- [ (n())’dz =0-[ (n(t))’dz 0.
The only possibility is (n(t))? = 0.
(i) E{z,(t)}=2-n(t) - cos(wyt + 6) = 0.
E{n. ()} = E{z,(t)}- H (0) = 0. Similarly, E{n, (t)}=0.
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(2) S, (f)=S, (f)=Lowpass{S (f —f,)+S,(f+ f,)}
S.(f—f1,)+S, (f+f,), -W< f<W
B {0, otherwise |
Spn ()= ]-Lowpass{S, (f - f,)-S,(f + f)}.
Proof: (i) z,(t) = 2n(t) cos(aw,t + ).
Rz1 () =E{z,(1)z,(t+7)}
= E{4n(t)n(t + 7) cos(aw,t + @) cos(w,(t +7) + 0)}
= 2E{n(t)n(t + r)}cos w,r + 2E{n(t)n(t + 7) cos(2m,t + w,7 + 260)}
= 2R (7)cosw,r + 2E{n(t)n(t + ) }E{cos(2w,t +w,7 + 20)} N
= 2R, (¢)cos . Indept.
Thus, S, () =S5,(f)*[o(f — f))+o(F + f)]
=S, (f-f,)+S,(f+f,).
(if) n_(t) is the low-pass portion of z,(t).
S, (T)=Lowpass{S,(f — f,)+S,(f + )}
Similarly, S, ()= Lowpass{S,(f — f,)+S,(f + )}




(Pf. conti.): (i) R,, (7) = E{z,(t)z,(t + 7)}
=—E{4n(t)n(t + ) cos(w,t + @) sin(w,(t +7) + O)}
=—2R (7)sin a,r.
Thus, S,, ()= J[S,(f — f)) =S, (f + f,)].
(iVv) R, () = E{n (O)n,(t + 7)}

= E{[ h(u)Z,(t-u)du[ h(v)Z,(t+z-u)dv}

o —00 o

® 00 ]

P00 M

o0 o

" h(Wh(V)ELZ,(t~u)Z,(t + 7 —v)}dudv

" h(uh(V)R, . (z +u—v)dudv

~h(=2) %h(2) *R, (7).
— Sncns(f): H(f)H*(f)Szlzz(f)

=|H(F)[ S,z (F) = J[H(F) IS, (f = o) =S, (f + )]
= J-Lowpass{S,(f —f,)-S, (f + f,)}.
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(3) n*(t) =nZ(t) =nZ(t) = N.
Proof:

n?(t) :j_isnc(f)df - I:Sns(f)df =nZ(t) :jisn(f)df = n%(t).

(4) If S_(f) I1s symmetric with respect to f,, then n_(t,) and n.(t,)
are uncorrelated for all t, and t,.

Proof: S, (f) is symmetric with respect to f,,
= Lowpass{S,(f - f,)-S, (f + f,)}=0.
= R, (r)=0 V=
= n_(t) and n (t+ ) are uncorrelated.

Remarks: If S () is NOT symmetric with respect to f,,
then n.(t,) and n (t,) are uncorrelated at | Odd symmetry
(i) t=t, (=h(=r)*h(z)*2R ()sin@,r =0)

(1) those t, and t, suchthatR,  (t, —t,) = Even symmetry




(5) If n(t) is Gaussian, then n_(t) and n (t) are Gaussian.
Proof :n_(t) and n(t) are weighted linear combination of n(t).

(6) If n_(t) and n,(t) are independent, their joint pdf is

—(nZ+nZ)/2N

GU+7) = . VT,
27N

and for R(t) and ¢(t) :

f(n.,t;n

r.2

f(r,) :ﬁe_m, vr>0, |g<.
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Ex.: BP Signal

SN
2
IIHIIIIIIIIIllIIIIl f(Hz)
~10 -5 0] 5 10
(a)
5., S0 )]
4 8, (1S, ()
zl—l ,—-—' 2
15 ~10 -5 0 5 10 15 :
{b)

S (O IS,0N]

4 S, ()18, (F)]

—15 —10 -5 o] 5 10 15

|- e )
| l -5 —(2) | 3 10 15 :

(d)

Figure 6.13
Spectra for Example 6.11. (a} Bandpass spectrum. (b) Lowpass spectra for fi = 7 Hz. (c) Lowpass spectra

for fy = 5 Hz. (d) Cross-spectra for fy = 5 Hz.
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(1) If f,=7Hz, S, (f) is symmetric with respect to f,.

= n_(t) and n (t) are uncorrelated and

N =["s,(f)df =2-(2-6)=24.

(2) Iff,=5Hz, S, (f)is NOT symmetric with respect to f,.
= n_(t) and n_(t) are correlated.

S, (f)=3, (t) = Lowpass{S, (T — )+ S,(f + f;)}=(C).
Sy ()= 1]-Lowpass{S, (f - f,)—S,(f + fy)}=(d).

R,.n (z) =16-sinc(47)-sin6zz.

Rncns(r) Figure 6.14
Cross-correlation function of #.(¢) and

10 |- ng(t) for Example 6.11.
-0.3 I OiZ Oi4
. N I P
N\ ~—— T

—04 >~ _02\-0.1 01 >~ 03

— —10




Theorem: Given a WSS bandpass random process n(t) with BW = B,
then n(t) can be represented by n_(t) cos(a,t + ) —n (t) sin(aw,t + O)
In mean-square sense; that is,
E{[n(t) — (n_(t) cos(a,t + &) — n.(t)sin(a,t + )]’} = 0.
Note that & is a random variable uniformly distributed over (-7, x)
and is independent of n(t).
Proof: Let n(t) = n_(t) cos(a,t + &) —n (t)sin(w,t + ). ' Appendix C
Wish to show E{[n(t) —i(t)]"} = 0. (converge in mean-square sense)

E{[n(t) - A1)} = n*(t) - 2n(t)A(t) + A*(t).

A% (t) = E{[n_(t) cos(aw,t + 8) —n_(t)sin(e,t + O)]}
=n’(t)-cos’(awyt + @) +nZ(t) -sin®(awyt + 6)
—2n_(t)n (t) - cos(a,t + &) sin(a,t + 6)
1 1

:Enc(t)+§ns(t):n (t) = N.
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n(t)n(t) = E{n(t)[n.(t) cos(w,t + &) — n_(t) sin(w,t + )]}
o n (t) =h(t) *[2n(t) cos(w,t + O)] = f; h(t—u)-2n(u)cos(w,u + &)du.

n, (&) =—[" h(t—v)-2n(v)sin(a +O)av.

n())A) = E{J_ h(t-u)-n(t)-2n(u) cos(wyu +6) cos(ayt + )du}
+ E{fw h(t—v)-n(t)-2n(v)sin(w,v + 0) sin(w,t + )dv}
= E{J h(t-u)- n(t)- 2n(u)[cos(a, (u ~1)) +cos(ay (u +1) + 26)]du}
+E{[ h(t=v)-n(t)-2n(v)[cos(a, (v~ 1)) cos(ay (v +1) + 26)]dv}
= [, ht-u)-1-R, (u~1)- cos(a,(u-1)du
+ .'_‘1 h(t—v)-1-R_(v—t)-cos(a,(v—t))dv

= 2..': h(t—u)R (t—u)cos(ew,(t—u))du

— 2..': ()R, (1) cos(w,A)dA.



n(A(t) = 2. j“; h(A)R, (1) cos(w,A)dA.

ﬁx(t)y(t)dt: jZX(f)Y*(f)df, (Parseval's Theorem)

and h(/l)coswo/‘t<—>%H(f — fo)+%H(f + f,), 1.e.,
R.(4) < S, (1),
n(t)n(t) :f:o[H(f —f,)+H(f+1,)]-S,(f)df :fwsn(f)df =n*(t).

— E{[n(t) = A()]?} = n?(t) = 2n?(t) + n?(t) =0. Q.E.D.
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