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Motivation

Both messages (signals) and noises are random
(stochastic) in nature.

Some definitions:
random variable (r.v.): one random quantity
random sequence: sequence of random variables

random process: a (continuous-time) function whose
value (at any time instant) is a r.v.
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Probabilistic Model

Random experiment: say, toss a coin

Outcome: The output of conducting a random
experiment; one at a time (exclusive).

Sample space: The collection of all possible outcomes
(of an experiment)

Probability law: Probabllities assigned to the members
of a sample space.

Probability

m =
Sample Space Q
(Set of Outcomes
Events

Experiment

b—
_



Probability Space Detinition

Relative Freguency -- experimental, intuitive

Axiomatic Theory --- mathematical, rigorous, facilitate
further derivation (measure theory in mathematics)

Example: Tossing two fair coins

o Sample
Outcome 0 ﬁ space S

Sample space S

ol Event B
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\_ Event A
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Figure 5.1

Sample spaces.(a) Pictorial
representation of an arbitrary
sample space. Points show
outcomes; circles show events.
(b) Sample space representa-
tion for the tossing of two coins.



Ex. Tossing Two Fair Coins

Model: Space: Q) ={HH,HT,--}
Events: A= HH,B = HT |F®d" 3 {{HH}.{HT}, -,
Prob of Events: P(A), P(B) {HH UHT}, -, 0}

To find P(A) & P(B), we repeat | Prob: (measure, mapping)
experiment N times

P:3—[0]]
P{HHY}) =1/4
P{HH UHT}) =1/2

Prob(A) U lim Na = 1
N —o0 N 4

Prob(Aor B) [ lim Nag _1

N — N 2
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Axioms of Probability

Q = Sample space (a collection of elementary events)
3 = A collection of subsets of Q2 and forms a filed (a o-field)
Re marks:
(1) (Q2,3) is afield, if
(@) peIand Qe 3.
(b) Forany A, B €3, AnBedJ.
(c) Forany Ae 3, then A*=Q-Ac3.
(2) o-field: Consider countably infinite W and M.

If A, €3, then | JA, eTand ()A€ 3.
.:1 3
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Probability Space

A probability space is a triplet (Q, T3, P).
(i) (©2,3) is a o-field.
(1) P 1s a probability measure.
Remarks:
P:3—10,1] is a probability measure on 3 if
(a) Forany Ae 3, P(A) >0.
(b) P(¢) =0 and P(Q2) =1.
(c) Forany A, Be 3, if AnB = ¢, then P(Au B) =P(A)+ P(B).
(¢)) o-additivity: For A e Jand if An A =g forall i = j,

then P(DA) _ ip(/\).
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Example of Probability Space

Q =[0,1] line segment.
3={[01/2],(1/21],[01], #}

P(A) = length of the line segment A.
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Random Variables

Definition: Given a probability space (Q2,3,P),ar.v.is a
mapping X : Q — R such that

(i) the set { : X({) € B} must be a legal event A in 3 for any
Borel set B in R.

(ii) P(X = —0) = P(X =) =0.

Q
Note: Borel set -- The smallest
o-field that contains all of the P
open sets in R. ( ~all kinds of ‘
intervals on the real line.) ey
0, v,

H Stock & J W Woods, Prob. and Random Processes with
Applications to Signal Proc., 3rd ed., Prentice-Hall, 2001

Commun.-Lec9 cwliu@twins.ee.nctu.edu.tw

10



Remarks

(1) (R,{B}, P) is a derived probability space (from the original
probability space (Q2,3J,P) ).

If X (D) is properly defined (selected), (R,{B}, P) reflects all the
probabilistic properties of (2,35, P). But (R,{B}, P) is often
easier to handle (because of real line).

(2) A random variable X () is a function (mapping) not a simple
value.

(3) Notations:

Capital letters <> random variable: X, Y, ©...

Lower-case letters <> values of random variable: x, y, 6...
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Probability Distribution Functions

Probability (Cumulative) Distribution Functions (PDF or cdf)
F, (X) =P[X <x], where {X <x}={J: X({) < x}.
Properties:

(1) Fy (—o0) = 0, Fy (0) =1.

(2) Continuous from right: lim F, (x) = F, (X,).

(3) Nondecreasing: F, (x,) < F, (X,) 1If X, <X,.

£ (x) Figure 5.5
Iltustration of the jump property of Fx(x).




Probability Density Functions

Probability Density Functions (pdf)

f (X) — dF (X) j( | ol ;Ii?euzzfsagd pdf for a coin-tossing
1 I experiment.
i — 9——% Area= %
Propertles. 2| | /‘%m;
o0 21;"_' i ‘
(D) [ f(ede=1. —— .

(a) cdf (b) pdf

Q) F ()= f(&)dE=P[X <]
(3) ], F(O)dE =Fy () ~F (4) =Plx <X <x,]

m Discrete Random Variable: Probability mass function
(Prob of a single number can be non-zero.)
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Useful pdfs

Binomial distribution
Px(k) = { & ) p*q"k, for k = 0,1,....n

k
=0, otherwise.
n=3
=06 E{fﬁ} PPF: Fx'fr}
{cd.f-}
|| —
1 —)
* K . -
0 /2 3 __S /2 3 K

Remarks: the Laplace approximation to the binomial distribution

P, (k) = ——~exp— K =P’

\J27znpg 2npg !
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Poisson Distribution

k
For >0, P, (k) =%eﬂ fork=0,1,2, ..

When n is large and p is small

(a) (b) (c)

0.6
0.5
0.4 04 0.4
0.3 0.3 0.3
0.2 I I ozk ‘i T 0.2 I
0.1 . 0.1 f T o } 0.1 7 o .
0 1 2 3 4 0 1 2 3 4 5 0 1 2 3
(d) (e) ()
Figure 5.17

The binomial distribution with comparison to Laplace and Poisson approximations. (a} n = 1, p = 0.5,
Mn=2,p=050)n=3,p=05(d)n=4,p=0.5. (e) n=35,p = 0.5. Circles are Laplace
approximations. (f) n =5, p — 1’—0 Circles are Poisson approximations.
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Gaussian (normal) distribution

1 _l[z—u)?
; f{I) — WE E[ 7 ]
LA PDF

Multi-dim Gaussian: X =(X,, X,,---, X,)

1
f}((x) = l:":}”"'rq(det.Q}lﬁ
<exp [~5(x — £)7Q 7 (x — )]

where Q is covariance matrix, 4 is mean vector.

Commun.-Lec9 cwliu@twins.ee.nctu.edu.tw

16



Multiple Variables
e Joint cdf and pdf
Fo. (X, )0 P(X XY <y).

O"Fuy (%,Y)
OXOY

fxv (X’ Y) —

Y2 %2
P(x, <X <X,y, <Y <Yy,)= jyl Ll f. (X, y)dxdy.

Marginal distribution:
Fy (X) = Fyy (X,0) = Fy (XY < 00)
F (Y)=Fy (o0,y) = F (X <0, Y)

fx (X) — I_i fxv (X1 Y)dY-
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Marginal Prob

Fxr(x% y) fx(x) ()
2
1 — 1 \
00 X 0 0 y

(b) ()

Figure 5.9
Joint and marginal pdfs for two random variables. (a) Joint pdf. (b) Marginal pdf for X. (c) Marginal pdf
for Y.
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Conditional Probability: a derived probability
measure

(Q,F, P) — (, F, Py)

PIENM
PylE]l = [P[_M] | = P[E|M].
Conditional cdf and pdf: _ P{X <z}nM]
F(z|B) = P[M)]
felB) = L ;‘Z 1B).

Conditional random variables:

Oz - Aly)
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02 3
. RN :
_% ol ¥ E]) f@@
* .06 _ WJ
] s | _|
e Independent r.v. B R
P(X<xY<Ly)=P(X<X)PY <y). .
: 0.06 ¥ L ';‘i\‘\[' T ?
()= F, 0OF, ) q A Ol
0024 X 1 —
j— . W 2 -3 ‘_::
XY ] y X Y y Y Iy o 7474 3 02 -1 0 | 2 3 4
(b} X
s
D Z =)
HREp /4
. - . / |
Example: 2-D Gaussian e
7;:4 -3 2 4 0 1 3 4
Figure 5.18 i
Bivariate Gaussian pdls and corresponding contour plots, (a) s, = 0, i, =0, o7 = 1. 02 = 1 und
1 p—O0mmy=1m=-20.=20 = Ladp=0{c)m,=0,m =002 -1 0l =1 and
p=09.

Jxv(zy) = droxoy/1— p?
~1 e 2 B B s
X exp 5 (I ’U‘X) _ Ep[:ﬂ .I“X]I{y iy ) 4 (T.-" ,H‘r")
2(1 - p*) pra— —

gy oy
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Bayes' Theorem

Obijective: Inference based on observations

Given the observed “effect" or “result”, infer the
unobserved “cause". Assume we know the “prior" or “a
priori" probabilities and the conditional probabilities in
order to compute the “posterior" or “a posteriori"
probabilities.

_ fyix(ylz)fx(z)
Ty(y)

Ixy(zly)
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Transformation of R.V.

Create a new r.v. by transforming an old r.v.

e Functions (Transformation):

R
X Y 3t
AU ¢ Y. 1‘\_\ R
( determinictic) N

4

Basic: {¢: V() < y) = {C: g(X(C)) < v} = {¢ -
X(C) € Cy}, where Cy = {z : g(z) < y}.
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Compute pdf

Assume y = g(x) Is a monotonically increasing function.

f, (y)dy| = f, (%)]dx].

dx
jfv(y):fx(x)d_ .

Figure 5.11

A typical monotonic transformation of a rando

variable.

N dx.
In general, f, (y) = Z f (%) d_'
n=1

X=0;"(y)

X:g_l(y) 0 x—dx x

Figure 5.12
A nonmonotonic transformation
of a random variable.



Multivariable Transformation
Let X be a random vector with pdf f, (x) and y = g(x).

Assume the inverse exists, i.e., x = g~ (y).

_ _ dx
dey: fx(g 1(y))dx. — fY = fx(g 1()’))@
But dx =|J|dy, where J is the Jacobian matrix.

AR

de}'":f};d){, )
aIl (95::1 1
WhErEdy =dy1dy‘2-'-dyn- 59’_1 E-y_n
R £ %2 J=| ¢ . i | =Jacobian matrix.
e =gy N\ 0z, O,
k3 _1//4 T ,,%’_ _ L Oy Oyn |
L = | - S
Id ' -\ \
: 3"' I i
i > Hl -,
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Example 5.15: X and Y are independent and Gaussian, zero
mean and variance=¢?. Transform (X, Y) to (R, 6).

1

2ma?

flz,y) =

T’ 4+ y?
202 |

exp [—

R=vX?+Y? O =tan }(Y/X) fe ()

X =Rcos®, Y = Rsin0®. oe
050 —r g
J = {'?b rsin =rcos*d +rsin’f = r.
sinf rcosf
fro(r,0) = re}{p[.—r“é(ZJ")]i 0 o
2To ’ i
Rayleigh pdf

f(r) = [ fro(r,0)d6 = Leap[—1?/(20)
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‘ Statistical Averages

= Mean (Weiahted Averaae)
E[X] _ .}‘_f — E;‘Ing(ﬂri}j dISGI:EJ[E r.v.,
=, zf(x)dz, continuous r.v.

Remark: E[-] is a linear operator (of its arguement)

Additivity: E[X +Y]= E[X]+ E[Y] for two r.v.’s
Homogeneity: E[cX] = cE[X] for any constant ¢

= Ther-th moment,r=0,1, 2, ...

Tiz; Py(z;), discrete r.v.:

L=EX =X = _
< _z" f(x)dz, continuous r.v.
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The r-th central momen m, = E[(X — X
r=0,1, 2,
Variance: o’ =ms = E[(X — X)?] = E[X?] - (X)2.

The r-th joint moment, i, =0, 1, 2, ...

T Thyd Px (i, Ym ), discrete r.v.;

& = E[XYY) = m +
1252y fxylz,y)dzedy, continuous r.v

Correlation

Note: Independent: F,.(X,y) = Fy(X)F,(y)
Uncorrelated: E((X-E(X))(Y-E(Y))) =0
Orthogonal: E(XY) =0
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The r-th joint central moment
m;; = E|(X — TPy - }_”]j]

Covariance
Cov[X,Y]| =mp = E[[}f—f){}’~3})] = E[XY]|-XY.
Correlation p= —
coefficient VTeoTe -
Note: mgs = E[(Y —Y)?], mg = E[(X — X)?];
Conditional Therst
onditiona 1 oo
expectation EIX|B] = | =fxp(z|B)dz.

EXY =yl = [_zfxy(e]Y =y)dz.
Expectation of functions of r.v.: Y = g(X)

¥ = E[g(X)] = [ g(z)fx(z)de.
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= Moment generating functions
6(t) = Ele'*] = [ € fx(z)dz.

dr(6(t))
&= =g

, r=10,1,...
t=0)
Characteristic functions (FT of pdf)

O(w) = B[] = ]m wr £ (x)dz.

ﬁ
— 0

o Chebyshev Inequality: X, an arbitrary r.v. with mean
X and finite variance 2. Then, for any § > 0,

.G o
P[|A_X|E‘S]E§-
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o Law of Large Numbers: Let X;,..., X, be iid. (in-
dependent and identically distributed) r.v.'s with mean
p and variance o each. Let the sample mean be
=1
Then, for any fixed § > 0,

lim P[|i— p| > 8] = 0.

T— o0

e Central Limit Theorem: Let X;,..., X, be indepen-
dent r.v.’s with zero mean and variance o7, ..., 02, Let
s2 = o7 +...+ o2 If for any fixed e > 0, there exists a

sufficient large n such that
or < esp,forall k=1,....n

¥

then the normalized r.v.
Zﬂ_ = I:Xl -+ ... —|—Xn)f5ﬁ

converges to the standard normal (Gaussian) PDF.

OLLILIIULL-LCLY CWHU W LWILLS.CC.LILLUL.CUU. LW
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Error Function and Q Function

Normalize a normal distribution n(m_, o, ) :

I LT
: 2 -
n(m,,o,) —n(0,1), i.e., e % 5> _——¢@?
2n0: V2
Q function:
o 1 2y gV "2
Q(u)zj ——e %2 dy = , for u>>1.
u /27 U277
# (ny, Oy) Figure 5.19
) The:Gaussizan pdf with mean #1, and
sz—ljgxz !
270y’
—(; v —da +
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Q function is often used in the error prob analysis for
digital communications. -->

Error function:

P[(mx—a)sxs(mx+a)]:2[%—ja ;/Zdy] 1-2Q(a/o,).

N
Define erf (u) = %ju e ¥ dy =1-2Q(~/2u).
T 0

erf (U) = NP j ‘ydyE F j e~ g,

Let erfc(u) =1—erf (u).

Thus, Q(u) = —erfc(\/_)
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Table 5.4 Probability Distributions of Some Random Variables with Means and Variances

Probability density or mass function Mean Variance
. : , a<x<b s
Uniform: fx(x) = { »-¢ 1(a+Db) L(b—a)
0, otherwise
Gaussian: fx(x) = \/2;02 exp ( = (’Z;"’)z) m o?
Rayleigh: fr(r) = L EXp (%), r>0 To %(4 - 77)02
Laplacian: fy(x) = $exp(—alx]), a>0 0 2/a?
One-sided exponential: fx(x) = aexp( — ax)u(x) l/a 1/a?
. . 1 hm—l ]12
Hyperbolic: fy(x) = % m>3,h>0 0 e
. m _ I1x3x..x{(2m—1 I'im+1
Nakagami-m: fx(x) = %xz’" lexp(—mx?), x>0 a szrx(,i) ) rgm)+ n)1
Central chi-square (n = degrees of freedom):* fx(x) = ﬁ%exp (53) no? 2not
2
F o 1 - (1nx—n1y)2 ( ) 2) exp(Zmy + O'y)
Lognormal:" fy(x) = - i exp( 27 ) exp(my + 20, x[expo? — 1]
Binomial: P, (k) = (Z)p"q”"‘, k=0,1,2,...n; p+qg=1 np npq
Poisson: P(k) = i—k!exp( —-4), k=0,1,2,... A A
Geometric: P(k) =pg~', k=1,2,... 1/p q/p*

*T'(m) is the gamma function and equals (m — 1)! for m an integer.

"The lognormal random variable results from the transformation ¥ = InX, where Y is a Gaussian random variable with mean 1, and

variance o2 33
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