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Modulated signals have constant amplitude; 
information is embedded in the phase.

Angle Modulation
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General form: ( ) cos[ ( )]
Phase deviation: ( )
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Example of PM and FM Waveforms
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PM: ( ) cos[ ( )]

FM: ( ) cos[ 2 ( ) ]
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Another Example

Sinusoidal 
message
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Angle Modulation Analysis

Narrow-band modulated signals
Wide-band modulated signals

-- Message: single tone; general signal 
Narrowband Angle Modulation

( )

2

C

( ) cos[ ( )] Re{ }

( ( ))       Re{ (1 ( ) )}
2!

       Re{ (1 ( ))}
( ) cos ( ) sin

c

c

c

j t j t
c C c C

j t
C

j t
C

c c C c

x t A t t A e e

j tA e j t

A e j t
x t A t A t t

ω ϕ

ω

ω

ω ϕ

ϕϕ

ϕ
ω ϕ ω

= + =

= + + +

≈ +
⇒ ≈ −

L

Tayler series expansion..



Commun.-Lec5  cwliu@twins.ee.nctu.edu.tw 7

Narrow-band Signal Generation

Narrowband angle-mod signals ~ AM signal except that 
m(t) multiplies a 90o phase-shifted carrier
BW of φ(t) = W BW of xc(t) = 2W (narrow!)
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Narrow-band Signal Example

m(t)=cos(2πfmt)    AM vs. PM
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Wide-band Angle Modulation

The modulated signal has a much wider BW than the 
original message.

(A) Message is a single tone -- m(t)=sin(2πfmt)

Modulation index β is sufficiently large

β controls the maximum phase deviation

Q: Why do we study the sinusoidal message?

Let ( ) sin mt tϕ β ω=
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Wide-band FM (Single Tone)
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Bessell Function
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FM Spectrum (Tone)

xc(t) has a line-spectrum (FS)
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Properties of Jn(β)

1. Jn(β) are real-valued

2. J-n (β) = Jn (β), n even

J-n (β) = －Jn (β), n odd

3. Recursive relation: Given J0(β) and J1(β), we can derive all the 
Jn(β) for n>=2.

4. When β is small (narrowband FM/PM)

J0(β) ~1; J1(β) ~ β/2; Jn(β) ~ 0, for n>=2

5.

(Pf) FS representation + Parseval’s Thm

2
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Jn(β) as a Function of β

Carrier nulls: The β values such that Jn(β)=0. 
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Summary

The above analysis is based on the sinusoidal message
assumption.

PM: This means m(t)=Asin(2πfmt)

and modulation index: β, and Kp ≡β /A.
FM:  This means m(t)=Acos(2πfmt)

and modulation index:

Note:  

( ) sin mt tϕ β ω=
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m m
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FM Spectra Examples

constantmfβ ≈
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FM-tone (Carlson, Fig.5.1-7)
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Power of Angle-Mod Signals

Guess the answer? (Hint: Waveform)
In general, if m(t) has little dc power, this is true.
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BW of Angle-Mod Signals

Small β, Jn(β) ~ 0, for n>=2 BW~2W. 

Large β, find the significant coeffs that contain most of the signal 
power.

Define: “power ratio”

Ex: 98% power BW ~ 2(β +1)fm for single tone  

Define: “deviation ratio”
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Thus,

For PM: 
Special case:                                   

⇒ Let                , 

For FM: 

Special case:                                 
⇒ Let ,

(i)  D << 1, BW ≈ 2W  Narrowband angle-mod signal.
(ii)  D >> 1, BW ≈ 2DW = 2fd(max|m(t)|) Wideband angle-mod signal
Remark:  Typical value of β for FM ≈ 5.
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FM with Multi-Tone Message

(B) Two-tone case: m(t)=Acos(2πf1t)+Bcos(2πf2t)

xc(t) contains freq components at the sum and difference freqs of the 
modulating tones and their harmonics.    (Carlson, Fig.5.1-9) (Z&T, 
p.151)
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FM Signal Generation

Indirect FM: narrowband-to-wideband conversion 
Two stages: 1) narrowband FM
2) frequency multiplier 

xc(t)y(t)x(t)
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Indirect FM

1) Narrowband FM output: fc1

2) Freq multiplier output: (a nonilinear device) fc2 = nfc1

3) Mixer: frequency shift to fc

Let the LO (local oscillator) be eLO(t)=2cos(2πfLOt)

0( ) cos(2 ( ))cx t A f t tπ φ= +

0( ) cos(2 ( ))cy t A nf t n tπ φ= +
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Direct FM

Use voltage-controlled oscillator (VCO) such as 
variable-reactance device (Carlson, p.233~)

A signal-controlled capacitance device (varactor diode)

0( ) ( )C t C Cx t= +
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FM Signal Demodulation

Ideal frequency discriminator: a device that yields an 
output proportional to the frequency deviation of the 
input. 

Received signal:  ( ) cos( ( )).
1 ( )Descriminator:  ( ) .
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FM Demodulator (Approximation)

( ) ( )( ) ( ) sin( ( )).

( ) output of envelope detector 
( ) 2 ( ).
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(Carlson, Fig.5.3-7)
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FM Demodulator (2)

To reduce the channel noise effect, an amplitude limiter
and a BPF are placed before the differentiator --- a band-
pass limiter. 
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Discriminator Implementation

A “differentiation” operation

1) Time-delay:

2) RC network:

Disadvantage: Small KD~RC not practical

( ) ( ) ( ),
for small 

r re t x t x t τ
τ

= − −
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RC Network Differentiator
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Discriminator Implementation (2)

3) BPF

Disadvs: a) Small linear 
region

b) Has dc bias (H(f) should be 
0 at f=0)

4) Balanced discriminator: Two BPFs

H1(f): BPF 
at fc+Δ

H2(f): BPF 
at fc－Δ

Envelope
Detector

Envelope
Detector

＋
＋

－

xr(t) yD(t)

y1(t)

y2(t)

yD(t)=y1(t)-y2(t)
=envelope of IFT 
[Xr(f)(|H1(f)|-|H2(f)|)]
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Balanced Discriminator
Advs: 

a) Wider linear range 

(H (f)=|H1(f)|-|H2(f)|)

b) No dc bias (H (f=fc)=0)


